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GOOD MEASURES ON CANTOR SPACE

ETHAN AKIN

Abstract. While there is, up to homeomorphism, only one Cantor space,
i.e. one zero-dimensional, perfect, compact, nonempty metric space, there are
many measures on Cantor space which are not topologically equivalent. The
clopen values set for a full, nonatomic measure µ is the countable dense subset
{µ(U) : U is clopen} of the unit interval. It is a topological invariant for the
measure. For the class of good measures it is a complete invariant. A full,
nonatomic measure µ is good if whenever U, V are clopen sets with µ(U) <
µ(V ), there exists W a clopen subset of V such that µ(W ) = µ(U). These
measures have interesting dynamical properties. They are exactly the measures
which arise from uniquely ergodic minimal systems on Cantor space. For some
of them there is a unique generic measure-preserving homeomorphism. That
is, within the Polish group of such homeomorphisms there is a dense, Gδ

conjugacy class.

Introduction

A Cantor space is a nonempty, compact, perfect, zero-dimensional metric space.
An ordered Cantor space is a Cantor space equipped with a closed total order so
that the order topology agrees with the metric topology. Any two Cantor spaces
are homeomorphic and any two ordered Cantor spaces are order isomorphic.

A Borel probability measure µ on a compact metric space X is called full
when nonempty open subsets have positive measure and nonatomic when count-
able subsets have measure zero. There exist many homeomorphically distinct, full,
nonatomic measures on Cantor space. In fact the clopen values set S(µ), defined
to be the set of values of the measure on the clopen subsets of X , provides a topo-
logical invariant, although it is not a complete invariant. On the other hand, if X
is ordered, then the special clopen values set S̃(µ) is defined to be the set of values
of the measure on those clopen intervals in X which contain the minimum point
m of X . S̃(µ) is a complete invariant with respect to a measure preserving, order
isomorphism. These results are proved in Akin [1999] and are reviewed in Section 1
below. The same set, which they called the gap invariant, is introduced by Cooper
and Pignataro [1988] for a related purpose.

A full, nonatomic measure µ on a Cantor space X is said to satisfy the Subset
Condition if for all clopen subsets U and V of X , µ(U) ≤ µ(V ) implies that there
exists a clopen subset U1 of V such that µ(U) = µ(U1). µ is called good when it
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satisfies the Subset Condition. On the other hand, a measure µ and an order ≤ are
adapted if S(µ) = S̃(µ).

Theorem 0.1. If a measure µ is adapted to the order of an ordered Cantor space
X, then it is a good measure on X. Conversely, if µ is a good measure on a Cantor
space X, then there exists an order on X which is adapted to µ.

Together with its applications, this is the main result of Section 2. From this the-
orem it follows that the clopen values set is a complete invariant for good measures.
If µ is good on X , then for any nonempty clopen subset V the relative measure µV

is good on V . It then follows that if U and V are clopen subsets with the same
measure, then there exists a measure preserving automorphism of X mapping U
to V . From a sharpening of the theorem one can prove that if µ is good, then the
group of µ preserving automorphisms acts transitively on X .

A subset S of the unit interval I which contains 0, 1 is called group-like if S =
G ∩ I with G an additive subgroup of R, or, equivalently, if S + Z is a group. If
S + Z is a rational vector space (or a subfield of R), then we call S Q-like (resp.
field-like).

If µ is good, then S(µ) is group-like and µ is adapted to an order iff S̃(µ) is group-
like. The other conditions are associated with stronger homogeneity conditions on
µ. In Section 3 we prove that goodness of µ with S(µ) field-like is equivalent to the
condition that for every nonempty clopen subset V of X the relative measure µV

is homeomorphic to µ on X , together with the technical condition that α ∈ S(µ)
with α < 1/2 implies 2α ∈ S(µ). I suspect that this conditon, a weakening of
the assumption that S(µ) is group-like, is redundant, but I have been unable to
eliminate it.

In Section 4 we consider automorphisms of good measures. Assume µ is a good
measure on X . If S(µ) ∩ Q is infinite, then there is a µ preserving automorphism
which is uniquely ergodic and which has an adding machine translation as an almost
one-to-one factor. On the other hand, if α is an irrational in S(µ), then there is a µ
preserving automorphism which is uniquely ergodic and which has translation by α
on the circle R/Z as an almost one-to-one factor. One of these two cases always ap-
plies and so every good measure is the invariant measure for some uniquely ergodic
transformation on Cantor space. Glasner and Weiss [1995] prove the converse, that
is, the invariant measure for a uniquely ergodic transformation on Cantor space
is good. Together these results relate this little theory to the powerful machinery
due to Giordano, Putnam and Skau [1995]. Indeed, in his review of recent results
in topological dynamics [2002], Glasner shows how to derive several of our results
from theirs, in particular avoiding our use of the order structure. On the other
hand, the order structure allows us to make very explicit constructions.

The final result of Section 4 concerns the Rohlin Property. A Polish topological
group G is said to satisfy the Rohlin Property if the adjoint action of G on G is
topologically transitive, i.e. TRANS(G) =def {x ∈ G : ad(G)x is dense in G} is
nonempty, in which case, TRANS(G) is a dense Gδ set. A compact metric space
X is said to satisfy the Rohlin Property when its automorphism group does. In
Glasner and Weiss [2001] and Akin, Hurley and Kennedy [2003] it is proved that
Cantor space satisfies the Rohlin Property. Under some circumstances the group
of µ preserving homeomorphisms satisfies a more powerful condition which we call
the Strong Rohlin Property:
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Theorem 0.2. If µ is a good measure on X with S(µ) Q-like, then there exists a
single, necessarily unique, conjugacy class which is a dense Gδ subset of the group
of measure preserving homeomorphisms on X.

In such a case, we can speak of the generic homeomorphism on X . We show
that it is conjugate to the product of the identity on X with the translation map
of the universal adding machine.

1. The clopen values invariants

All of our topological spaces will be nonempty Polish spaces. That is, they are
separable and completely metrizable. Furthermore, unless we mention otherwise,
our spaces X, Y are assumed to be compact as well. Such a space is a Cantor space
when it is zero-dimensional and perfect. One kind of example is a Cantor set, a
closed, perfect, nowhere dense subset of the unit interval I = [0, 1] in R. If F is a
discrete finite space containing at least two points and Z+ = {0, 1, 2, ...}, then the
product space F Z+ is a Cantor space as well.

An order ≤ on a space X is a total order, i.e. any two points are comparable,
which is closed as a subset of X ×X , or, equivalently, whose order topology agrees
with the original compact topology on X . An ordered (Cantor) space is a pair
(X,≤) where X is a (Cantor) space and ≤ is an order on X . Thus, (X,≤) is a
compact linearly ordered topological space (acronym: LOTS). Such a space has
a maximum element and a minimum element which we will denote by M and
m, respectively. We will adopt the usual interval notation so that, for example,
[x, y) = {z ∈ X : x ≤ z < y}.

A point x is called a left endpoint if the interval [m, x] is clopen and a right
endpoint if [x, M ] is clopen. Thus, M is a left endpoint and m is a right endpoint.
A point is both a left and right endpoint iff it is an isolated point.

If X is perfect, i.e. it has no isolated points, then the endpoints other than m, M
occur in pairs. If [m, x−] is clopen with x− �= M , then

(1.1) X \ [m, x−] = [x+, M ] with x+ = min(X \ [m, x−]).

Such an endpoint pair {x−, x+} is characterized by the conditions that x− < x+

but the open interval (x−, x+) is empty.
An order map f : (X1,≤) → (X2,≤) is a continuous map of spaces such that for

x, y ∈ X1

(1.2) x ≤ y =⇒ f(x) ≤ f(y).

If [a, b] is a closed subinterval of X2, then

f−1([a, b]) = [x, y] with

x = minf−1([a, b]) and y = maxf−1([a, b]).
(1.3)

If an order map f is a homeomorphism, then f−1 is an order map as well and
we call f an order isomorphism.

Any two Cantor spaces are homeomorphic and any two ordered Cantor spaces
are order isomorphic. We refer to these results as The Uniqueness of Cantor (see
Akin [1999] Proposition 1.2 and Corollary 2.13 for examples of proofs of these classic
results). In particular, any ordered Cantor space is order isomorphic to the classical
Cantor set in I. The left and right endpoints of an endpoint pair correspond to
the left and right endpoints of one of the open intervals in I complementary to the
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Cantor set. Hence, the sets of left and right endpoints are each countable dense
subsets of any ordered Cantor space.

A continuous map f : X1 → X2 is called almost open if for A ⊂ X1

(1.4) IntA �= ∅ =⇒ Intf(A) �= ∅.
The map is called almost one-to-one if Injf is dense in X1 where

(1.5) Injf =def {x ∈ X1 : f−1(f(x)) = {x}}.
Lemma 1.1. Let f : (X1,≤) → (X2,≤) be a surjective order preserving map with
closed point images, i.e. f−1(y) is closed in X1 for all y ∈ X2.

(a) f is continuous and so is an order map.
(b) f(m1) = m2 and f(M1) = M2.
(c) If y−, y+ is an endpoint pair in X2, then there exists an endpoint pair

x−, x+ in X1 such that

(1.6) f(x±) = y±.

(d) If x−, x+ is an endpoint pair in X1, then either f(x−) = f(x+) or f(x−),
f(x+) is an endpoint pair in X2.

(e) If X1 and X2 are perfect, then the following conditions are equivalent:
(1) X1 \ Injf is countable.
(2) f is almost one-to-one.
(3) f is almost open.
(4) For all z ∈ X2, f−1(z) is nowhere dense.
(5) For all z ∈ X2, f−1(z) is finite.
(6) For all x, y ∈ X1, f(x) = f(y) implies either x = y or x, y is an

endpoint pair.

Proof. (a) Observe first that since f is surjective we can sharpen (1.3):

f−1([a, b]) = [x, y] with

x = minf−1(a) and y = maxf−1(b),
(1.7)

and similarly,

f−1((a, b)) = (x̃, ỹ) with

x̃ = maxf−1(a) and ỹ = minf−1(b).
(1.8)

It follows that f is continuous and so is an order map.
(b) If A ⊂ X1 is closed, then

(1.9) f(maxA) = maxf(A) and f(minA) = minf(A).

Since f is surjective, (b) follows.
(c) From (1.8) this follows with

(1.10) x− = maxf−1(y−) and x+ = minf−1(y+).

(d) If the interval (f(x), f(y)) is nonempty, then there exists z ∈ X1 with f(x) <
f(z) < f(y). Because f is an order map, x < z < y and so x, y is not an endpoint
pair.

(e) (4)⇒ (6): Assume x < y with z = f(x) = f(y) but x, y is not an endpoint
pair. Since f is an order map, f−1(z) contains the nonempty open interval (x, y).
Since X2 is perfect, Int{z} = ∅. Hence, f is not almost open.



GOOD MEASURES ON CANTOR SPACE 2685

(6) ⇒ (5): Obvious.
(5) ⇒ (4): Obvious since X1 is perfect.
(6) ⇒ (1): X1 \ Injf is a subset of the countable set of endpoints.
(1) ⇒ (2): Since X1 is perfect and compact, the Baire Category Theorem implies

that the complement of a countable set is dense.
(2) ⇒ (3): Any continuous, almost one-to-one map is almost open. In fact, from

compactness it is easy to check that if U ⊂ X1 is open, then

(1.11) f(U ∩ Injf ) ⊂ Intf(U).

(3) ⇒ (4): Because X2 is perfect, (1.4) implies that f−1(z) is nowhere dense. �

Remark. The unit interval I has no endpoint pairs. Hence, for f : (X,≤) → (I,≤)
an almost one-to-one surjection with X perfect, if x < y in X , then

(1.12) f(x) = f(y) ⇐⇒ {x, y} is an endpoint pair in X.

Following Akin [1999] we study measures on Cantor spaces. A measure µ on
a space X is a Borel probability measure, i.e. µ(X) = 1. The measure is full if
nonempty open sets have positive measure and nonatomic if countable sets have
zero measure. Let MX denote the set of full, nonatomic measures on X . For
example, the Lebesgue measure λ is an element of MI . Notice that the existence
of a full, nonatomic measure implies that the space X is perfect.

When we speak of a metric d on any metrizable topological space Z we mean a
metric whose associated topology is original topology on Z. If A ⊂ Z we define the
diameter of A by

(1.13) d(A) = sup{d(x, y) : x, y ∈ A},
with d(∅) = 0 by convention.

Lemma 1.2. Let d be a metric on a space X and let µ be a nonatomic measure
on X. For every ε > 0 there exists a δ > 0 such that for every Borel set A ⊂ X

(1.14) d(A) < δ =⇒ µ(A) < ε.

Proof. Since µ is nonatomic, every point x ∈ X is contained in some open set Ux

with µ(Ux) < ε. By compactness, the open cover {Ux : x ∈ X} has a positive
Lebesgue number δ. That is, d(A) < δ implies A ⊂ Ux for some x. �

If (X,≤) is an ordered space and µ ∈ MX , then the cumulative distribution
function, hereafter the CDF, of µ is the order map Fµ : (X,≤) → (I,≤) defined by

(1.15) Fµ(x) =def µ([m, x]).

Since µ is nonatomic we have for x < y in X

(1.16) µ((x, y)) = µ([x, y]) = Fµ(y) − Fµ(x).

In particular, if x−, x+ is an endpoint pair in X , then

(1.17) Fµ(x−) = Fµ(x+).
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Proposition 1.3. If (X,≤) is a perfect, ordered space, then the association µ 
→ Fµ

defines a bijection from the set MX of full, nonatomic measures on X to the set of
almost one-to-one surjections of (X,≤) onto (I,≤).

Proof. When the measure µ is nonatomic, it is easy to check that the CDF is
continuous and surjective. Because the measure is full, the CDF is almost open
and so, by Lemma 1.1(e) it is almost one-to-one. Begining with a continuous,
almost one-to-one surjection one defines the measure on intervals via (1.16) and,
then applies the usual Lebesgue-Stieltjes construction. See Akin [1999] Propositions
2.5 and 2.6. �

If f : X1 → X2 is a continuous map and µ is a measure on X1, then the induced
measure f∗µ on X2 is defined by

(1.18) f∗µ(B) =def µ(f−1(B))

for every Borel subset B of X2.
Assume µ ∈ MX1 . If f is surjective, then f∗µ is full and if f−1(z) is countable

for every z ∈ X2, then f∗µ is nonatomic. If both these conditions on f hold, then
f∗µ ∈ MX2 . In particular, any homeomorphism induces a bijection from MX1

to MX2 . If (X,≤) is a perfect ordered space and µ ∈ MX , then by Akin [1999]
Corollary 2.8, the CDF Fµ maps µ to Lebesgue measure λ on I. That is,

(1.19) Fµ∗µ = λ.

Following Akin [1999] we define invariants by using the clopen subsets. For a
space X and µ ∈ MX define the clopen values set for µ

(1.20) S(µ) =def {µ(U) : U is clopen in X}.
If (X,≤) is an ordered space, then the special clopen values set for µ is

(1.21) S̃(µ) =def {Fµ(x) : x is an endpoint of X}.
For any A ⊂ R let G[A] denote the additive group generated by A, so that G[A]

is the set of all finite sums of differences of elements of A (including 0 = the empty
sum so that G[∅] = {0}).
Proposition 1.4. (a) Let X be a space and µ ∈ MX. S(µ) is a countable

subset of I containing 0, 1. If X is a Cantor space, then S(µ) is dense in
I.

(b) Let (X,≤) be an ordered space and µ ∈ MX . S̃(µ) is a countable subset
of I containing 0, 1. If X is a Cantor space, then S̃(µ) is dense in I.
Furthermore,

(1.22) S̃(µ) ⊂ S(µ) ⊂ G[S̃(µ)] ∩ I.

Proof. (a) Since X has a countable base and any clopen subset is a finite union of
elements of the base, there are only countably many clopen subsets of X , including
∅ and X . If X is a Cantor space, then we can choose an order, by Uniqueness of
Cantor, and then apply (b) to obtain density of S(µ).

(b) Fµ(m) = 0, Fµ(M) = 1 and for any left endpoint x, Fµ(x) = µ(U), where
U = [m, x] is clopen. Hence S̃(µ) ⊂ S(µ) and so is countable by (a). Every clopen
set is a finite disjoint union of clopen intervals and so by (1.16) S(µ) ⊂ G[S̃(µ)]. If
X is a Cantor space, then the set of endpoints is dense in X and so its image S̃(µ)
under the surjection Fµ is dense in I. �
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Proposition 1.5. For α = 1, 2 let Xα be a space and µα ∈ MXα . Let f : X1 → X2

be a continuous map. If f∗µ1 = µ2, then f is a surjection and

(1.23) S(µ2) ⊂ S(µ1)

with equality if f is a homeomorphism.

Proof. The preimage of X2 \ f(X1) is empty and so X2 \ f(X1) is an open set with
µ2 measure zero. Since µ2 is full, f is surjective. Since the preimage of a clopen
set is clopen, (1.23) follows. If f is a homeomorphism, then we apply (1.23) to f−1

to get equality. �

Thus, S(µ) is a homeomorphism invariant for the measure µ. It is not a complete
invariant in general. On the other hand, S̃(µ) is a complete order isomorphism
invariant. For completeness we will sketch the proof of this and of some other,
related, results from Akin [1999].

Theorem 1.6. For α = 1, 2 let (Xα,≤) be a space and µα ∈ MXα .
(a) For a continuous map f : X1 → X2 the following conditions are equivalent:

(1) f is an order map and f∗µ1 = µ2.
(2) Fµ1 = Fµ2 ◦ f .
If these conditions hold, then f is an almost one-to-one surjection and

(1.24) S̃(µ2) ⊂ S̃(µ1)

with equality if f is a homeomorphism.
(b) If S̃(µ2) ⊂ S̃(µ1), then there is a unique continuous map f : X1 → X2 such

that Fµ1 = Fµ2 ◦ f . If S̃(µ2) = S̃(µ1), then this map is a homeomorphism.

Proof. The closed subset F = (Fµ2 )
−1◦Fµ1 ⊂ X1×X2 can be regarded as a relation

from X1 to X2. It is a surjective relation, that is, F (x) �= ∅ for all x ∈ X1 and
F−1(y) �= ∅ for all y ∈ X2. Furthermore, on the complement of the countable set

(1.25) S∗ =def (Fµ1)
−1(S̃(µ2) ∪ S̃(µ1))

the relation F resticts to a well-defined, injective function. In fact, if x < y in
X1 \ S∗, then

(1.26) Fµ2(F (x)) = Fµ1(x) < Fµ1(y) = Fµ2(F (y)),

and so F (x) < F (y). Since X1 and X2 are perfect, X1 \ S∗ is dense in X1 and its
image, which also has a countable complement, is dense in X2.

(a), (2) ⇒ (1): Condition (2) implies that the relation F is equal to f on X1\S∗.
Because it is continuous and is order preserving on the dense set X1 \ S∗, f is an
order map. Because it has a dense image, f is surjective. Since X1 \ S∗ ⊂ Injf ,
f is almost one-to-one. Furthermore, there is at most one continuous map which
satisfies (2). This proves uniqueness in (b). Furthermore, condition (2) implies
that µ2 and f∗µ1 agree on all intervals of the form [m, x] and so by (1.16) on all
intervals. Since the intervals generate the Borel sets, f∗µ1 = µ2. Finally, Lemma
1.1(c) and (2) imply (1.24).

(1) ⇒ (2): This is an easy exercise. See, e.g., Akin [1999] Lemma 2.7. As before
when f is a homeomorphism we obtain equality by applying the result to f−1.

(b) Since uniqueness has already been established in the proof of part (a), the
remainder is the Lifting Lemma 2.9 of Akin [1999]. The key step is the extension of
f = F on X1 \ S∗. Each endpoint pair of X1 is in S∗ and is associated by F either
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to single point or an endpoint pair in X2. By assumption (1.24) each endpoint pair
in X2 comes from an endpoint pair in X1. The extension maps the left endpoint in
X1 to the left endpoint in X2 and the right to the right. �

Let D denote the uncountable set of countable, dense subsets of the unit interval
I which contain 0, 1. Let G denote the automorphism group of (I,≤), that is, the
group of order isomorphisms from (I,≤) to itself. So φ ∈ G when φ is an increasing
real-valued funtion on I which fixes 0 and 1. By Lemma 1.1(d), if φ is an almost
one-to-one, surjective order map on (I,≤), then φ ∈ G.

Theorem 1.7. Let (X,≤) be an ordered Cantor space.

(a) The group G acts on the set MX . For (φ, µ1) ∈ G × MX and µ2 ∈ MX

(1.27) µ2 = φµ1 ⇐⇒ Fµ2 = φ ◦ Fµ1 .

The action is transitive and free, i.e. for µ1 ∈ MX the map φ 
→ φµ1 is a
bijection from G to MX .

(b) The group G acts on the set D. For (φ, D1) ∈ G × D

(1.28) D2 = φD1 ⇐⇒ D2 = φ(D1).

The action is transitive, i.e. for D1 ∈ D the map φ 
→ φD1 is a surjection
from G to D.

(c) The map S̃ : MX → D is G equivariant, i.e. for (φ, µ) ∈ G × MX

(1.29) S̃(φµ) = φS̃(µ).

S̃ induces a bijection between the order isomorphism classes in MX and the
elements of D.

Proof. This result is Theorem 3.2 together with Corollary 3.3 of Akin [1999]. We
sketch the proof of some of the results. The action in (a) is well defined by Propo-
sition 1.3. Transitivity of the action in (b) follows from the classical result that any
countable dense subset of I which contians 0 and 1 is order isomorphic to the set
of rationals in I. The map S̃ in (c) is obviously equivariant. Since Theorem 1.6
implies that S̃(µ) provides a complete order isomorphism invariant for µ, it follows
that each (S̃)−1(D) is an order isomorphism class. �

For a space X let H(X) denote the automorphism group of the space, i.e. the
group of homeomorphisms on X . Equipped with the topology of uniform conver-
gence, H(X) is a Polish group, that is, a completely metrizable, separable topolog-
ical group. If µ is a measure on X , then

(1.30) Hµ(X) =def {f ∈ H(X) : f∗µ = µ}
is a closed subgroup and so is itself a Polish group.

In Akin [1999] we described a family of bad measures on a Cantor space X . This
was an uncountable subset M∗ of MX such that for µ1, µ2 ∈ M∗ and f ∈ H(X)

(1.31) f∗µ1 = µ2 ⇐⇒ µ1 = µ2 and f = 1X .

That is, no two distinct measures in M∗ are homeomorphic and for each µ ∈ M∗,
the group Hµ(X) is trivial.

In this paper we consider good measures on a Cantor space X .
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2. Good measures on Cantor space

We begin with a bit of algebra.
Let S be a subset of the unit interval I. We call S group-like if

(2.1) S = G ∩ I

for G an additive subgroup of R.
If (2.1) holds with G a Q vector subspace of R where Q is the field of rationals,

then we call S Q-like. If (2.1) holds with G a subfield of R we will call S field-like.
For subsets A, B of R we will write AB = {ab : a ∈ A and b ∈ B} and A + B =

{a + b : a ∈ A and b ∈ B}. In particular, if Z is the group of integers, then

(2.2) S + Z = {α + n : α ∈ S and n ∈ Z}.
For G an additive subgroup of R we will call a positive real number α a divisor

of G if

(2.3) αG = G.

That is, αβ ∈ G iff β ∈ G. Let Div(G) denote the set of divsors of G. Clearly,
Div(G) is a multiplicative subgroup of the multiplicative group R∗ of positive reals.
Furthermore,

(2.4) Z ⊂ G =⇒ Div(G) ⊂ G.

Lemma 2.1. Let S be a subset of I with 0, 1 ∈ S. Let G[S] be the additive subgroup
of R generated by S.

(a) S ⊂ S + Z ⊂ G[S] and S = (S + Z) ∩ I.
(b) The following conditions on S are equivalent:

(1) S is group-like.
(2) S + Z = G[S].
(3) S + Z is an additive subgroup of R.
(4) α, β ∈ S and α ≤ β imply that β − α ∈ S.
If S is group-like and G is an additive subgroup of R, then

(2.5) S = G ∩ I ⇐⇒ S + Z = G.

(c) When S is group-like we let Div(S) denote Div(S + Z). For α ∈ I \ {0}
(2.6) α ∈ Div(S) ⇐⇒ αS = S ∩ [0, α].

(d) The following conditions on S are equivalent:
(1) S is Q-like.
(2) S + Z is a Q vector subspace of R.
(3) S is group-like and every positive integer is a divisor of S + Z.
When S is Q-like, then Q ∩ I ⊂ S.

(e) The following conditions on S are equivalent:
(1) S is field-like.
(2) S + Z is a subfield of R.
(3) S is Q-like and every positive element of S is a divisor of S + Z.
(4) S is Q-like and for every α ∈ S

(2.7) αS = S ∩ [0, α].

(f) S is field-like iff all of the following five properties hold:
(i) Q ∩ I ⊂ S.
(ii) α ∈ S =⇒ 1 − α ∈ S.
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(iii) α, β ∈ S =⇒ αβ, (α + β)/2 ∈ S.
(iv) α, β ∈ S and α + β �= 0 =⇒ α/(α + β) ∈ S.
(v) α ∈ S and α < 1/2 =⇒ 2α ∈ S.

Proof. (a) Since 0, 1 ∈ S the inclusions are clear. On the other hand, if α + n ∈ I
with α ∈ S and n ∈ Z \ {0}, then either n = 1 and α = 0 or n = −1 and α = 1.
Either way, α + n ∈ {0, 1}. Hence the equation follows.

(b) (1)⇒(4): Obvious.
(4)⇒(3): If α ≤ β in S, then β − α ∈ S by (4) and α − β + 1 = 1 − (β − α) ∈ S

by (4) applied twice. It easily follows that S + Z is closed under subtraction and
so is an additive subgroup of R.

(3)⇒(2): Obvious from the inclusions in (a).
(2)⇒(1): By the equality in (a), (2.1) holds with G = G[S].
In general, if S = G ∩ I for some subgroup G of R, then by (a) Z + (G ∩ I) =

S+Z ⊂ G. On the other hand, if 1 ∈ G and G is a subgroup of R, then any element
of G is of the form n + α with α ∈ G ∩ I. That is, G ⊂ Z + (G ∩ I).

(c) Multiplying the equation in (a) by any positive real α we get

(2.8) αS = (α(S + Z)) ∩ [0, α]

If, in addition, α ∈ I, then

(2.9) S ∩ [0, α] = (S + Z) ∩ I ∩ [0, α] = (S + Z) ∩ [0, α].

Thus, for α ∈ Div(S), α(S + Z) = S + Z implies αS = S ∩ [0, α].
Conversely, if αS = S ∩ [0, α], then (a) and (2.9) imply that (S + Z) ∩ I = S =

(α−1S ∩ I) = (α−1(S + Z) ∩ I). Since α−1(S + Z) is an additive subgroup of R it
follows from (2.5) that S + Z = α−1(S + Z) and so α−1 ∈ Div(S) which implies
α ∈ Div(S).

(d) (1) ⇔ (2) and (2) ⇒ (3): Obvious from (b).
(3) ⇒ (2): Since S is group-like S + Z is an additive group. Since every positive

integer is a divisor, it is a rational vector space.
Since 1 ∈ S, (2) implies Q ⊂ S + Z. Intersect with I and apply the equation in

(a) to complete the proof of (d).
(e) (1) ⇔ (2) and (2) ⇒ (3): Obvious from (b).
(3) ⇒ (4) : Obvious from (c).
(4)⇒ (2): G = S + Z is a Q vector space and from (2.7) we obtain βG ⊂ G for

any β ∈ S from which it easily follows that G is closed under multiplication. Given
g1, g2 ∈ G with g2 > 0 write the ratio g1/g2 as β + n with n ∈ Z and 1 ≥ β > 0.
We have β = g3/g2 with g3 = g1 − ng2 a positive element of G. Choose a positive
integer N greater than both g1 and g3. Replacing gk by gk/N for k = 1, 3 we
remain in the rational vector space G. So we can assume that g1, g3 ∈ G ∩ I = S.
Apply (2.7) with α = g3 to get that β ∈ S. Hence the ratio g1/g2 = β + n ∈ G. It
follows that G is a field.

(f) If S is field-like, then conditions (i)-(v) obviously hold. Now assume condi-
tions (i)-(v). We will prove that G = S + Z is a field.

Observe first that if α, β ∈ S and α + β ≤ 1, then (iii) and (v) imply that
α+β ∈ S. If α ≤ β, then (1−β)+α ≤ 1 and so by (ii), (iii) and (v) (1−β)+α ∈ S.
By (ii) β −α = 1− ((1− β) + α) ∈ S. From part (b) it follows that S is group-like
and G is a group. By (iii) S is closed under multiplication from which it easily
follows that G = S + Z is closed under multiplication. From (i) it follows that
Q ⊂ S + Z and so G is a rational vector space and S is Q-like.



GOOD MEASURES ON CANTOR SPACE 2691

By (e) it suffices to prove (2.7) for a positive α in S. Since S is closed under
multiplication by (iii), αS ⊂ S ∩ [0, α]. On the other hand, if β ∈ S and β ≤ α,
then

(2.10) β/α = β/(β + (α − β))

and so β/α ∈ S by (iv). Thus, (2.7) holds and so G is a field by (e). �

We will call a positive integer n a reciprocal for S if 1/n ∈ S. Let Rec(S) denote
the set of reciprocals in S. Clearly,

(2.11) Div(S) ∩ Z+ ⊂ Rec(S).

Lemma 2.2. Let S be a group-like subset of I with 0, 1 ∈ S.
If m/n ∈ S with m, n relatively prime positive integers, then n ∈ Rec(S). If

n ∈ Rec(S) and m|n, then m ∈ Rec(S). If m, n ∈ Rec(S), then the least common
multiple, lcm(m, n), is in Rec(S).

In general,

(2.12) Q ∩ S = {k/n : k = 0, 1, ..., n and n ∈ Rec(S)}.
If Rec(S) is infinite, then Q ∩ S is dense in I. If Rec(S) is finite, then Q ∩ S is
finite.

Proof. Observe that for x, y ∈ Z and positive integers m, n:

x(m/n) + y(1) = (xm + yn)/n,

x(1/n) + y(1/m) = (xm + yn)/mn.
(2.13)

Given such m, n we can choose x, y so that xm + yn = gcd(m, n), the greatest
common divisor. So if m/n ∈ S with m, n relatively prime, then 1/n ∈ S because
S is group-like. Equation (2.12) clearly follows and implies that any divisor of an
element of Rec(S) is in Rec(S). Similarly, if the reciprocals of m and n are in S,
then the second equation in (2.13) implies that 1/lcm(m, n) = gcd(m, n)/mn ∈ S.
Finally, from (2.12) it is clear that if Rec(S) contains arbitrarily large integers, then
Q ∩ S is dense in I and that otherwise the intersection is finite. �

Remark. Notice that if Rec(S) is infinite and S is group-like with 0, 1 ∈ S, then
Rec(S) is directed with respect to the partial order of divisibility, i.e. m, n ∈ Rec(S)
implies there exists k ∈ Rec(S) such that m|k and n|k, namely k = lcm(m, n).

Definition 2.3. Let X be a Cantor space. We say that a measure µ on X satisfies
the Subset Condition if whenever U and V are clopen subsets of X with µ(U) ≤
µ(V ) there exists a clopen subset U1 such that

(2.14) U1 ⊂ V and µ(U1) = µ(U).

A measure µ on a Cantor space X is called a good measure when µ ∈ MX , i.e.
it is full and nonatomic, and, in addition, µ satisfies the Subset Condition.

For a clopen subset V of X we relativize the clopen values set, defining

(2.15) S(µ, V ) =def {µ(U) : U is clopen in X and U ⊂ V }.
Clearly, we always have

(2.16) S(µ, V ) ⊂ S(µ) ∩ [0, µ(V )].
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The Subset Condition says exactly that equality holds in (2.16). That is, µ
satisfies the Subset Condition iff for every clopen subset V of X

(2.17) S(µ, V ) = S(µ) ∩ [0, µ(V )].

For a measure µ ∈ MX and V a nonempty clopen subset of X we have µ(V ) > 0
and so we can define the measure µV ∈ MV by

(2.18) µV (A) =def µ(A)/µ(V )

for every Borel subset A ⊂ V . We regard µV as a measure on X by

(2.19) µV (B) =def µV (B ∩ V ) = µ(B ∩ V )/µ(V )

for every Borel subset B ⊂ X . Regarded as a measure on X , µV is nonatomic but
not full if V is a proper subset of X .

Clearly, we have

(2.20) S(µV ) = (1/µ(V ))S(µ, V ).

It follows from (2.17) that µ is a good measure iff µ ∈ MX and for every nonempty
clopen subset V of X

(2.21) S(µV ) = [(1/µ(V ))S(µ)] ∩ I.

Proposition 2.4. If µ is a good measure on a Cantor space X, then the clopen
values set S(µ) is group-like. If, in addition, V is a nonempty clopen subset of X,
then µV is a good measure on the Cantor space V and S(µV ) is group-like.

Proof. Assume α = µ(U) ≤ µ(V ) = β for clopen subsets U, V . Apply the Subset
Condition to get a clopen U1 which satisfies (2.14). Since V \ U1 is clopen,

(2.22) β − α = µ(V \ U1) ∈ S(µ).

From Lemma 2.1(b) it follows that S(µ) is group-like.
It is clear that µV is nonatomic and full on V . The Subset Condition for µ easily

implies the Subset Condition for µV on V . Hence, µV is good and so its clopen
values set is group-like. �

Definition 2.5. Let (X,≤) be an ordered Cantor space and µ ∈ MX . We say that
µ is adapted to (X,≤), or that the order ≤ is adapted to µ, when

(2.23) S̃(µ) = S(µ).

Theorem 2.6. Let (X,≤) be an ordered Cantor space and µ ∈ MX .
(a) The measure µ is adapted to (X,≤) iff the special clopen values set S̃(µ) is

a group-like subset of I.
(b) If µ is adapted to (X,≤), then µ satisfies the Subset Condition and so is a

good measure on X.
(c) If µ is adapted to (X,≤) and V is a nonempty clopen subset of X, then µV

is adapted to the ordered Cantor space (V,≤), with the order induced from
(X,≤).

Proof. (a) If S̃(µ) is group-like, then by Lemma 2.1(a),(b) S̃(µ) = G[S̃(µ)] ∩ I and
so by (1.22) S̃(µ) = S(µ). On the other hand, suppose that 0 < α ≤ β ∈ S̃(µ).
There exist left endpoints x, y in X such that α = µ([0, x]) and β = µ([0, y]). Since
µ is full x ≤ y in X . Since (x, y] is clopen we have β − α = µ((x, y]) ∈ S(µ). So if
S̃(µ) = S(µ), then β − α ∈ S̃(µ) and so S̃(µ) is group-like by Lemma 2.1(b).
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(b) If V is a nonempty clopen subset of X , then it can be written as a finite,
disjoint union of clopen intervals:

V =
k⋃

i=1

Vi with Vi = [x+
i , y−

i ]

such that x+
i < y−

i < x+
i+1

(2.24)

and x+
i is a right endpoint and y−

i is a left endpoint for all i. Define y+
0 = m and

let

(2.25) Wi =def [y+
i−1, x

−
i ] for i = 1, ..., k,

where x−
i , x+

i and y+
i , y−

i are endpoint pairs. If x+
1 = m, then W1 =def ∅.

Now let U be a nonempty clopen subset of X such that 0 < µ(U) ≤ µ(V ). Define
r ∈ {1, ..., k} so that

(2.26)
r−1∑

j=1

µ(Vj) < µ(U) ≤
r∑

j=1

µ(Vj)

and let

(2.27) α̃ =
r∑

j=1

µ(Wj) + µ(U),

so that

(2.28) µ([m, x−
r ]) < α̃ ≤ µ([m, y−

r ]).

By (a), S̃(µ) = S(µ) implies that S̃(µ) is group-like and so α̃ ∈ S(µ) = S̃(µ).
That is, α̃ = µ([m, z]), where z is a left endpoint of X . Clearly, x−

r < z ≤ y−
r and

so x+
r ≤ z. Hence,

(2.29) U1 =def [m, z] ∩ V = [0, z] \
r⋃

j=1

Wj

satisfies µ(U1) = µ(U).
Thus, µ satisfies the Subset Condition.
(c) Let α be a positive element of S(µV ) so that µ(V )α = µ(U) for U some

clopen subset of V . We can apply the construction of part (b) to get U1 = [0, z]∩V
with µ(U) = µ(U1). Clearly, U1 is a clopen subset of V such that x ∈ V and x ≤ z

imply x ∈ U1. So by definition of S̃, α = µV (U1) is an element of S̃(µV ). �

The main result of this section is a converse construction using partitions. A
partition A of a Cantor space X is a pairwise disjoint cover of X by nonempty clopen
subsets. By compactness a partition is finite. Giving A the discrete topology we
define the carrier map as the continuous, locally constant surjection πA : X → A

given by

(2.30) x ∈ πA(x) for x ∈ X.

If d is a metric on X and µ is a measure on X we define the mesh of A and the µ
mesh of A by

mesh(A) =def max {d(A) : A ∈ A},
µmesh(A) =def max {µ(A) : A ∈ A}.(2.31)
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A partition B refines A, written B → A if each element of B is contained in a,
necessarily unique, member of A. We define the surjection πA

B : B → A by

(2.32) B ⊂ πA
B(B) for B ∈ A.

Clearly,

(2.33) πA = πA
B ◦ πB.

Hence, if three partitions satisfy C → B → A, then

(2.34) πA
C = πA

B ◦ πB
C .

An ordered partition (A,≤) is a partition with a total order on it. If (A,≤) is
an ordered partition, then we can order number A. That is, write

(2.35) A = {A0, ..., An} with i < j ⇔ Ai < Aj .

If (B,≤) and (A,≤) are ordered partitions, then we write (B,≤) → (A,≤) if
B → A and

(2.36) B1 ≤ B2 =⇒ πA
B(B1) ≤ πA

B(B2) for B1, B2 ∈ B.

Conversely, if (A,≤) is an ordered partition and B → A, then by choosing an
arbitrary ordering on (πA

B)−1(A) for each A ∈ A we obtain an ordering on B so
that (B,≤) → (A,≤).

Theorem 2.7. Let µ be a good measure on a Cantor space X and let x0 ∈ X.
There exists an order ≤ on X such that the minimum point m of (X,≤) is x0 and
the measure µ is adapted to (X,≤), i.e. S̃(µ) = S(µ).

Proof. Choose a metric d on X . Write S(µ) \ {0} = {α0, α1, α2, ...} with α0 = 1.
For each k = 0, 1, 2, ... we will construct an ordered partition (Ak,≤) and order

number it: Ak = {Ak0, ..., Aknk
} and we will define jk ≤ nk so that the following

conditions hold:
(i) If k ≥ 1, then (Ak,≤) → (Ak−1,≤).
(ii) mesh(Ak) ≤ 1/k and µmesh(Ak) ≤ αk.
(iii) πAk(x0) is the minimum element Ak0 of Ak.
(iv) αk =

∑{µ(Akj) : 0 ≤ j ≤ jk}.
Begin with A0 = {X} and j0 = 0. Since α0 = 1, conditions (i)-(iv) hold for

k = 0. Now proceed inductively assuming that k > 1 and (Ak−1,≤) has been
defined.

Because the measure is nonatomic we can partition and order each A(k−1)j sep-
arately to obtain an ordered partition (B,≤) which refines (Ak−1,≤), has mesh
at most 1/k and µ mesh at most αk. We can choose the ordering on the parti-
tion of A(k−1)0 so that x0 is in the minimum element. Thus, as a candidate for
(Ak,≤), (B,≤) satisfies conditions (i)-(iii). Order number B = {B0, ..., Bn} and
define j∗ so that

(2.37)
∑

{µ(Bj) : 0 ≤ j < j∗} < αk ≤
∑

{µ(Bj) : 0 ≤ j ≤ j∗}.
Case i: If αk =

∑{µ(Bj) : 0 ≤ j ≤ j∗}, then let (Ak,≤) = (B,≤) and jk = j∗.
Case ii: If both inequalities are strict, then µmesh(B) ≤ αk implies that 0 < j∗.

Because S(µ) is group-like α̃ =def αk − ∑{µ(Bj) : 0 ≤ j < j∗} is a member of
S(µ) and so by the Subset Condition we can choose a clopen subset U ⊂ Bj∗ with
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µ(U) = α̃. Replace Bj∗ by the two clopen sets U, Bj∗ \ U . This defines the or-
dered partition (Ak,≤) → (B,≤) when listed in order Ak = {B0, ..., Bj∗−1, U, Bj∗ \
U, Bj∗+1, ..., Bn}. Thus, nk = n + 1. If we let jk = j∗, then condition (iv) holds.
Since 0 < j∗ the minimum element is unchanged and so it still contains x0.

This completes the inductive construction. Now define the order on X by

(2.38) x ≤ y ⇐⇒ πAk(x) ≤ πAk(y) for all k.

The relation is clearly reflexive, transitive and closed. Because (Ak,≤) refines
(Ak−1,≤) for all k any two elements are comparable. Since the mesh of Ak tends
to zero the relation is anti-symmetric. Thus we have defined a total order on X .
From condition (iii) it is clear that x0 is the minimum element m of X .

Finally, let zk be the maximum element of the clopen set Akjk
. Clearly,

(2.39) [m, zk] =
⋃

{Akj : 0 ≤ j ≤ jk}.
Since the maximum of a nonempty clopen set is a left endpoint, condition (iv)
implies that αk ∈ S̃(µ). As this is true for all k we have S(µ) ⊂ S̃(µ). By (1.22)
the reverse inclusion is always true. Hence, with this choice of order µ is adapted
to (X,≤). �

Corollary 2.8. Let X be a Cantor space and µ be a full, nonatomic measure on
X. The measure µ is good on X, i.e. it satisfies the Subset Condition, iff there
exists an ordering ≤ on X with respect to which S̃(µ) = S(µ).

Proof. If such an ordering exists, then µ is good by Theorem 2.6(b). Conversely, if
µ is good, then the required ordering exists by Theorem 2.7. �

Together with Theorem 2.6(b) this result yields Theorem 0.1 of the Introduction.
It also follows that for good measures the clopen values set is a complete invari-

ant. We will call two measures on a space homeomorphic if there is a homeomor-
phism mapping one to the other. Similarly, we will call two measures on an ordered
space order isomorphic if there is an order isomorphism mapping one to the other.

Theorem 2.9. For k = 1, 2 let Xk be a Cantor space, µk be a measure on Xk and
xk ∈ Xk. Assume that µ1 is a good measure on X1.

(a) If there exists a homeomorphism f : X1 → X2 such that f∗µ1 = µ2, then
µ2 is a good measure on X2 and S(µ1) = S(µ2).

Conversely, if µ2 is a good measure on X2 and S(µ1) = S(µ2), then there
exists a homeomorphism f : X1 → X2 such that f∗µ1 = µ2. Furthermore,
f can be chosen so that f(x1) = x2.

In particular, two good measures are homeomorphic iff they have the
same clopen values set.

(b) If there exists a continuous map f : X1 → X2 such that f∗µ1 = µ2, then f
is surjective and S(µ1) ⊃ S(µ2).

Conversely, if µ2 is a good measure on X2 and S(µ1) ⊃ S(µ2), then
there exists a continuous, almost one-to-one surjection f : X1 → X2 such
that f∗µ1 = µ2. Furthermore, f can be chosen so that f(x1) = x2.

Proof. (a) It is easy to check that the absence of atoms, fullness and the Subset
Condition are homeomorphism invariants. The clopen values set is a homeomor-
phism invariant by Proposition 1.5.



2696 ETHAN AKIN

Conversely, if µk is good on Xk, then by Theorem 2.7 we can choose an ordering
so that µk is adapted to (Xk,≤) and xk is the minimum point of Xk. If the clopen
values sets agree, then S̃(µ1) = S(µ1) = S(µ2) = S̃(µ2). By Theorem 1.6 there is
a unique order isomorphism f : (X1,≤) → (X2,≤) such that f∗µ1 = µ2. Such an
order isomorphism maps the minimum point x1 to the minimum point x2.

(b) As in (a) the first part follows from Proposition 1.5. For the second we choose
orderings as in (a) and apply Theorem 1.6 again. �

We can rephrase these results using the language of Theorem 1.7. We have let
D denote the uncountable collection of countable dense subsets of I which contain
0, 1. Let Dg, Dq, Df denote the subcollections of group-like, Q-like and field-like
elements of D. There are uncountably many distinct countable subfields of R and
so each of these collections is uncountable.

Theorem 2.10. Let (X,≤) be an ordered Cantor space. The set of measures
adapted to (X,≤) is S̃−1(Dg). For measures µ1, µ2 adapted to (X,≤), S̃(µ1) =
S̃(µ2) implies that µ1 and µ2 are order isomorphic. On the other hand, S̃(µ1) �=
S̃(µ2) implies that µ1 and µ2 are not even homeomorphic.

Proof. The first result is a restatement of Theorem 2.6(a). By Theorem 1.6 the
special clopen values sets are order isomorphism invariants. For adapted measures
these are the same as the clopen values sets which are homeomorphism invariants
by Proposition 1.5. �

If H is a subgroup of the automorphism group H(Z) of a Polish space Z, then
H acts on Z. If z ∈ Z, then Hz =def {h(z) : h ∈ H} is the H orbit of z, or, when
H is understood, just the orbit of z. Two points z1, z2 ∈ Z are called H equivalent
if they lie in the same H orbit, i.e. there exists h ∈ H such that h(z1) = z2.
The action is called transitive if Z consists of a single orbit, i.e. all points are H
equivalent. The action is called topologically transitive if there exists a dense orbit.
That is, the set

(2.40) Trans(H) =def {z ∈ Z : Hz = Z}
is nonempty. In that case, it is a dense Gδ subset of the Polish space Z. The action
is called minimal if every orbit is dense, i.e. Trans(H) = Z. Of course, transitive
⇒ minimal ⇒ topologically transitive.

From Theorem 2.9(a) we see that if µ is a good measure on a Cantor space X ,
then the group Hµ(X) of measure preserving homeomorphisms acts transitively on
X . We will strengthen this result below.

First, we go back to Subset Condition itself. In it we did not assume that the
move from the clopen set U to the clopen U1 ⊂ V was effected by a measure
automorphism. That is, we did not assume that U1 = h(U) for some h ∈ Hµ(X).
In fact, we obtain this apparently stronger condition for free.

Proposition 2.11. Let µ be a good measure on the Cantor space X.
(a) Let U, V be clopen subsets of X with x ∈ U and y ∈ V . If µ(U) ≤ µ(V ),

then there exists h ∈ Hµ(X) such that

(2.41) h(x) = y and h(U) ⊂ V.

Furthermore, if h ∈ Hµ(X) satisfies h(U) ⊂ V , then h(U) = V iff µ(U) =
µ(V ).
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(b) Let V be a clopen subset of X with x ∈ V . If α ∈ S(µ) ∩ (0, µ(V )], then
there exists U a clopen subset of X such that

(2.42) x ∈ U, U ⊂ V, and µ(U) = α.

Proof. (a) By the Subset Condition there exists a clopen U1 ⊂ V with µ(U1) =
µ(U). Let G = U \ (U ∩ U1) and G1 = U1 \ (U ∩ U1). So G and G1 are disjoint
clopens with the same measure.

By Proposition 2.4, the measures µG1 and µG are good and by (2.20) they
have the same clopen values set. By Theorem 2.9(a) there is a homeomorphism
f : G → G1 which maps µG to µG1 . Define h1 ∈ Hµ(X) to be f on G, f−1 on G1

and the identity on X \ (G ∪ G1). Clearly, h1(U) = U1. Let x1 = h1(x) ∈ V . Now
apply Theorem 2.9(a) to the good measure µV . There exists a measure preserving
automorphism of V which maps x1 to y. Extend by the identity on X \V to obtain
h2 ∈ Hµ(X). Finally, let h = h2 ◦ h1.

If h ∈ Hµ and h(U) ⊂ V , then V \ h(U) is a clopen subset of X . Since µ is full
this difference is empty iff it has measure zero. Thus, h(U) = V iff µ(U) = µ(V ).

(b) By the subset condition there exists a clopen U1 ⊂ V with µ(U1) = α. Since
α > 0 there exists x1 ∈ U1. By Theorem 2.9(a) there exists a measure preserving
automorphism f of V which maps x1 to x. Let U = f(U1). �
Corollary 2.12. Let µ be a good measure on the Cantor space X. If A={A1, ..., An}
and B = {B1, ..., Bn} are partitions of X with µ(Ai) = µ(Bi) for i = 1, ..., n, then
there exists h ∈ Hµ(X) such that

(2.43) h(Ai) = Bi for i = 1, ..., n.

Proof. By Proposition 2.11(a) there exists hi ∈ Hµ(X) such that hi(Ai) = Bi for
i = 1, ..., n. Let h = hi on Ai for i = 1, ..., n. �

We now prove a strong homogeneity result.

Theorem 2.13. Let µ be a good measure on the Cantor space X. If {x1, ..., xn}
and {y1, ..., yn} are two lists of n distinct points in X, then there exists h ∈ Hµ(X)
such that h(xi) = yi for i = 1, ..., n.

In particular, Hµ(X) acts transitively on X.

Proof. Since X is perfect we can compare each list to another list of n distinct
points and so assume that all 2n points are distinct. We can then choose 2n
pairwise disjoint clopen sets {U1, ..., Un} and {V1, ..., Vn} so that xi ∈ Ui and yi ∈ Vi

for i = 1, ..., n. By applying Proposition 2.11(b) we can shrink them if necessary
so that they all have the same measure α > 0. Apply Proposition 2.11(a) to
obtain a measure preserving homeomorphism hi : Ui → Vi which maps xi to yi for
i = 1, ..., n. Define h ∈ Hµ(X) to be hi on Ui, h−1

i on Vi for i = 1, ..., n and the
identity on X \ ⋃n

i=1(Ui ∪ Vi). �
I do not know if there exist measures µ in MX which are not good but for which

Hµ(X) acts transitively. However, with some assumptions on the clopen values sets
we do obtain the converse result.

Lemma 2.14. Let µ ∈ MX with X a Cantor space.
(a) If the action of Hµ(X) on X is transitive, minimal or topologically transi-

tive, then for every nonempty clopen subset V of X the action of HµV (V )
on V satisfies the corresponding property.
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(b) Assume that for every nonempty clopen subset V of X, S(µV ) is group-like.
If for every pair of clopen subsets U, V of X with µ(U) ≤ µ(V ) there exist
clopen subsets U1, ..., Un of V such that

(2.44)
n∑

i=1

µ(Ui) = µ(U),

then µ is a good measure on X.

Proof. (a) It suffices to show that for x, y ∈ V , if y is in the Hµ orbit of x, then it is
in the HµV orbit of x. It suffices to find g ∈ Hµ with g(x) = y and g = 1X on X \V .
If x = y let g = 1X . Otherwise, if f ∈ Hµ with f(x) = y, we can choose a clopen
set U with x ∈ U such that U is disjoint from the clopen f(U) and U ∪ f(U) ⊂ V .
Define g to be f on U , f−1 on f(U) and the identity elsewhere.

(b) For i = 1, ..., n, µV (Ui) is in the group-like set S(µV ). Since the sum
µ(U)/µ(V ) is in I, it is in S(µV ) and so µ(U) ∈ S(µ, V ) by (2.20). Thus, there is a
clopen subset U1 of V such that µ(U) = µ(U1), proving the Subset Condition. �

Theorem 2.15. Let µ ∈ MX with X a Cantor space. Assume that for every
nonempty clopen subset V of X, S(µV ) is group-like. If Hµ(X) acts minimally on
X, then µ is a good measure on X.

Proof. Assume we are given a pair of clopen subsets U, V of X with µ(U) ≤ µ(V ).
With H = Hµ(X), Hx ∩ V �= ∅ for every x ∈ U . So for every x ∈ U there exists
hx ∈ H and a clopen Ux ⊂ U such that x ∈ Ux and hx(Ux) ⊂ V . Choose a finite
list {Ux1 , ..., Uxn} covering U and define for i = 1, ..., n

(2.45) Ũi = Uxi \
i−1⋃

j=1

Uxj and Ui = hxi(Ũi).

Clearly, each Ui ⊂ V and (2.44) holds. It follows from Lemma 2.14(b) that µ is a
good measure. �

Remark. I do not know whether the group-like assumption is redundant. That is, I
do not know of any example where Hµ acts minimally, but the measure is not good.
If one could prove that Hµ acts minimally =⇒ S(µ) is group-like, then Lemma
2.14(a) would imply that S(µV ) is group-like for every nonempty clopen V and so
from the theorem, µ would be good.

A pointed monothetic group is a pair (Γ, g), where Γ is a Polish group and g is
a topological generator of Γ, i.e. the cyclic group generated by g is dense in Γ. It
follows that Γ is abelian.

A map h : (Γ1, g1) → (Γ2, g2) is a homomorphism if h : Γ1 → Γ2 is a continuous
group homomorphism with h(g1) = g2. If there exists a homomorphism h from
(Γ1, g1) to (Γ2, g2), then it is unique. When it exists then there is a homomorphism
in the other direction iff h is an isomorphism. If the domain is compact, then h is
surjective.

Assume now that (Γ, g) is a compact, zero-dimensional, pointed monothetic
group with Haar measure denoted µΓ. Haar measure is always full and it is
nonatomic iff Γ is infinite. If Γ is finite with order n, then (Γ, g) is isomorphic
to (Zn, 1), the cyclic group of integers mod n with 1 the congruence class of the
number 1. If Γ is infinite, then it is topologically homogeneous and not discrete
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and so it is a Cantor space. We will call (Γ, g) a pointed Cantor group when it is
an infinite, compact, zero-dimensional pointed monothetic group.

If (Γ, g) is a pointed Cantor group and G is a clopen subgroup of Γ, then the
set Γ/G of cosets is a partition of Γ and so G has finite index. The quotient
(Γ/G, g + G) is isomorphic to (Zn, 1), where n is the index of G, denoted hereafter
ind G. Conversely, if there is a homomorphism from (Γ, g) to (Zn, 1), then the
kernel is a clopen subgroup of index n.

By starting with an ultrametric on the Cantor space Γ and averaging using µΓ,
we can obtain an invariant ultrametric dΓ on Γ, i.e. if g1, g2, g3 ∈ Γ, then

dΓ(g1, g3) ≤ max(dΓ(g1, g2), dΓ(g2, g3))

and dΓ(g1, g2) = dΓ(g1 + g3, g2 + g3).
(2.46)

If ε > 0 then the dΓ ball of radius ε about 0 is a clopen subgroup. Hence, the family
GΓ of clopen subgroups of Γ is a countable base for the neighborhoods of 0 in Γ
and the collection of cosets of such clopen subgroups is a countable base for the
topology of Γ. Clearly, G1, G2 ∈ GΓ implies G1 ∩ G2 ∈ GΓ with

(2.47) lcm(ind G1, ind G2) | ind G1 ∩ G2 | ind G1 · ind G2.

Define the set of positive integers

(2.48) DΓ =def {ind G : G ∈ GΓ}.
We call a set D of positive integers a divisibility set if

m|n and n ∈ D =⇒ m ∈ D and m, n ∈ D =⇒ lcm(m, n) ∈ D.(2.49)

Clearly, if (Γ, g) is a pointed Cantor group, then DΓ is a divisibility set. In
general, for S ⊂ I with 0, 1 ∈ S, if S is group-like, then Div(S)∩Z+ is a divisibility
set and by Lemma 2.2 Rec(S) is a divisibility set.

Let D be an infinite divisibility set. The D-indexed family {(Zn, 1) : n ∈ D} with
the canonical homomorphism from (Zn, 1) to (Zm, 1) when m|n has as its inverse
limit a pointed Cantor group denoted (ΓD, 1). It is called the adding machine
associated with D. By counting D and letting mk be the least common multiple of
the first k members of D we can obtain a cofinal, increasing sequence {mk : k =
0, 1...} in D, mk|mk+1 for k = 0, 1, .... Then (ΓD, 1) is isomorphic to the inverse
limit of the sequence of projections {(Zmk+1 , 1) → (Zmk

, 1) : k = 0, 1, ...}.
If D = DΓ for any pointed Cantor group (Γ, g), then the homomorphisms

(Γ, g) → (Γ/G, g + G) ∼= (Zn, 1), where G ∈ GΓ and ind G = n, induce an iso-
morphism from (Γ, g) onto the adding machine for DΓ.

If S is a group-like subset of I with 0, 1 ∈ S such that Rec(S) is infinite, or,
equivalently by Lemma 2.2, Q∩S is dense in I, then we call (ΓRec(S), 1) the adding
machine associated with S.

Theorem 2.16. Let (Γ, g) be a pointed Cantor group. If µΓ is Haar measure on
Γ, then µΓ is a good measure on Γ with

(2.50) S(µΓ) = {k/n : k = 0, 1, ..., n and n ∈ DΓ}.
Conversely, if µ is a good measure on a Cantor space X and S(µ) ⊂ Q, then with

Γ = ΓRec(S) there is a homeomorphism h : X → Γ such that h∗µ = µΓ. That is, any
good measure with clopen values set contained in the rationals is homeomorphic to
the Haar measure on a pointed Cantor group. Furthermore, the measure µ uniquely
determines the group up to isomorphism of pointed Cantor groups.
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Proof. The cosets of clopen subgroups of Γ form a basis for topology of Γ. Hence, if
U, V are clopens in Γ there exists G ∈ GΓ so that both U and V are unions of cosets
of G. That is, if n = ind G and π is the associated homomorphism onto Γ/G ∼= Zn,
then there exist finite R, S ⊂ Zn such that U = π−1(R) and V = π−1(S). Because
π maps µΓ onto the uniform measure on Zn we have

(2.51) µΓ(U) = #R/n and µΓ(V ) = #S/n,

where #R is the cardinality of R. From this equation (2.50) is clear. Also if
µ(U) ≤ µ(V ), then there exists R1 ⊂ S such that #R = #R1 and so π−1(R1) is a
clopen subset of V with the same measure as U . This verifies the Subset Condition
and so µΓ is good.

Conversely, if µ is a good measure and S(µ) = S(µ) ∩ Q, then by Lemma 2.2
and (2.50) the good measures µ and µΓ with Γ = ΓRec(S) have the same clopen
values sets. In particular, since S(µ) is dense in I, Lemaa 2.2 implies that Rec(S)
is infinite S(µ) = S(µ) ∩ Q. By Theorem 2.9(a) they are homeomorphic measures.

Finally, if two pointed Cantor groups have homeomorphic Haar measures, then
they have a common clopen values set S and so each is isomorphic to (ΓRec(S), 1)
in the category of pointed Cantor groups. �
Theorem 2.17. Let (Γ1, g1) and (Γ2, g2) be pointed Cantor groups with Haar mea-
sures µΓ1 and µΓ2 , respectively. The following conditions are equivalent:

(1) S(µΓ1) ⊃ S(µΓ2).
(2) DΓ1 ⊃ DΓ2 .
(3) There exists a continuous map f : Γ1 → Γ2 such that f∗µΓ1 = µΓ2 .
(4) There exists a continuous, almost one-to-one surjection f : Γ1 → Γ2 such

that f∗µΓ1 = µΓ2 .
(5) There exists h : (Γ1, g1) → (Γ2, g2) a homomorphism of pointed Cantor

groups.
Any homomorphism h : (Γ1, g1) → (Γ2, g2) of pointed Cantor groups is surjective

and satisfies h∗µΓ1 = µΓ2 .

Proof. (1) ⇔ (3) ⇔ (4) follow from Theorem 2.9(b) because the Haar measures on
pointed Cantor groups are good.

(1) ⇔ (2) By (2.50) DΓ determines S(µΓ). On the other hand, by (2.50) and
(2.12), DΓ = Rec(S(µΓ)) and so DΓ is determined by S(µΓ).

(2) ⇔ (5) If h : (Γ1, g1) → (Γ2, g2) is a homomorphism, then G ∈ GΓ1 implies
h−1(G) ∈ GΓ2 with ind G = ind h−1(G). Consequently, DΓ1 ⊃ DΓ2 . On the other
hand, from the adding machine construction expressing (Γ, 1) as the inverse limit
of the finite groups {(Γ/G, 1 + G) : G ∈ GΓ}, it is easy to see that the inclusion of
(2) implies that the homomorphism h : (Γ1, g1) → (Γ2, g2) exists.

If h : (Γ1, g1) → (Γ2, g2) is a homomorphism, then because h is surjective and
µΓ1 is translation invariant it follows that h∗µΓ1 is translation invariant and so is
the unique translation invariant measure µΓ2 on Γ2. �

We will call (Ξ, g) the pointed Cantor group with DΞ the entire set of positive
integers, i.e. the pointed Cantor group with clopen subgroups of every positive
index. We call (Ξ, g) the universal adding machine. By (2.50) and Theorem 2.16,
the Haar measure µΞ is characterized up to homeomorphism as the unique good
measure with clopen values set

(2.52) S(µΞ) = Q ∩ I.
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For each prime p the ring of p-adic integers Γp is the inverse limit of the sequence
of projections Zpk+1 → Zpk . The generator gp is the sequence of congruence classes
of 1. The pointed additive group (Γp, gp) is a pointed Cantor group and we denote
by µp the associated Haar measure. Clearly,

(2.53) D(Γp) = {pi : i = 0, 1, 2, ...}
and so from (2.50)

(2.54) S(Γp) = {k/pi : 0 ≤ k ≤ pi and i = 0, 1, 2, ...}.
The topological group Ξ is the product of copies of Γp as the index p varies over

all primes.
If [n] = {1, ..., n} with n > 1 and w : [n] → I \{0, 1} is a positive distribution, i.e.∑
wi = 1, then the associated Bernoulli measures, denoted β(w1, ..., wn), on [n]Z+

and [n]Z are the unique probability measures such that the projections to different
factors are independent and the projection to each factor induces the distribution
w on [n]. Any bijection between Z+ and Z induces a homeomorphism between
these two. The Bernoulli measures are full and nonatomic and on X = [n]Z the
shift homeomorphism s defined by s(x)i = xi+1 preserves the Bernoulli measure.

By using the base p expansion of integers it is easy to obtain a homeomorphism
from Γp to [p]Z+ which maps µp to the uniform Bernoulli measure β(1/p, ..., 1/p).
In particular, on [3]Z+ the Bernoulli measure β(1/3, 1/3, 1/3) is a good measure
with clopen values set {k/3i : 0 ≤ k ≤ 3i and i = 0, 1, 2, ...}. We conclude this
section with an example which shows how close a bad measure can get to a good
one. Compare the results to those of Theorem 2.15.

Theorem 2.18. If on X =[2]Z+ the measure µ is the Bernoulli measure β(1/3, 2/3),
then µ ∈ MX with S(µ) = S(µ3) = {k/3i : 0 ≤ k ≤ 3i and i = 0, 1, 2, ...}. Fur-
thermore, for every nonempty clopen subset V of X, S(µV ) is group-like and the
action of the group Hµ(X) on X is topologically transitive. On the other hand, if e
is the point in X with ei = 1 for all i ∈ Z+, then f(e) = e for all f ∈ Hµ(X), i.e.
e is a fixed point for the action of the group. In particular, µ is not a good measure
on X.

Proof. The computation of S(µ) is given in Proposition 1.7 of Akin [1999]. The
computation of S(µV ) for general clopen V uses similar methods but is rather
elaborate and so we will omit it here. The shift map s on [2]Z is topologically tran-
sitive and preserves the Bernoulli measure. Since the two versions of the Bernoulli
measure are homeomorphic, it certainly follows that the action of Hµ(X) is topo-
logically transitive. In fact, one can show that if for x ∈ X both xi = 1 and xi = 2
for infinitely many i, then the Hµ orbit of x is dense.

On the other hand, let f be a homeomorphism on X with f(e) �= e. There
exists a clopen set V with e ∈ V and f(V ) disjoint from V . There exists some
positive integer N and disjoint subsets F1, F2 of [2][N ] such that V = π−1(F1)
and f(V ) = π−1(F2), where π : [2]Z+ → [2][N ] is the projection. Furthermore,
(1, ..., 1) ∈ F1 and so (1, ..., 1) �∈ F2. It follows that µ(V ) = m1/3N with m1 odd
while µ(f(V )) = m2/3N with m2 even. Thus, f is not measure preserving.

By Theorem 2.13, Hµ acts transitively on X if µ is good. So in this case, µ is
not good. �
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Remark. In Proposition 1.7 of Akin [1999] we showed directly that β(1/3, 2/3)
is not homeomorphic to β(1/3, 1/3, 1/3). Since the clopen values set is a com-
plete invariant for good measures, it follows that they cannot both be good. Since
β(1/3, 1/3, 1/3) is good, we see another reason why β(1/3, 2/3) cannot be good.

3. The field-like case

Let R∗ denote the multiplicative group of positive reals, with Q∗ = R∗ ∩ Q and
Z∗ = R∗∩Z, so that Q∗ is a subgroup and Z∗ is at least closed under multiplication.

Recall that if G is an additive subgroup of R, then

(3.1) Div(G) =def {α ∈ R∗ : αG = G}
is a multiplicative subgroup of R∗. When S is a group-like subset with 0, 1 ∈ S,
we denote by Div(S) the multiplicative group Div(G), where G = G[S] = S + Z.
Clearly,

(3.2) S is Q-like ⇐⇒ Q∗ ⊂ Div(S) ⇐⇒ Z∗ ⊂ Div(S).

Lemma 3.1. Let µ be a good measure on a Cantor space X and let V be a nonempty
clopen subset of X.

(3.3) Div(S(µV )) = Div(S(µ)).

Furthermore, the following conditions are equivalent:
(1) µ(V ) ∈ Div(S(µ)).
(2) S(µV ) = S(µ).
(3) There exists a homeomorphism h : V → X such that

(3.4) h∗µV = µ.

If ≤ is an ordering on X which is adapted to µ, then the above conditions imply
that there is a unique order isomorphism h : (V,≤) → (X,≤) such that (3.4) holds.

Proof. Equivalence (2.6) implies that

(3.5) α ∈ Div(S) ⇐⇒ S = (α−1S) ∩ I.

By (2.21) and (2.5) the group generated by S(µV ) equals (µ(V ))−1(S(µ) + Z).
Hence, α ∈ Div(S(µ)) iff α ∈ Div(S(µV )), proving (3.3).

(1) ⇔ (2) follows from (2.21) and (3.5).
(2) ⇔ (3) follows from Theorem 2.9(a).
When the order on X is adapted to µ, then the order on V is adapted to µV

by Theorem 2.6(c). If condition (2) holds, then two two measures have the same
special clopen values sets and so the unique order isomorphism h exists by Theorem
1.6(b). �

Proposition 3.2. Let µ be a good measure on a Cantor space X. The multiplicative
group Div(S(µ)) is nontrivial iff there is a basis of clopen sets U of X such that
µU on U is homeomorphic to µ on X.

Proof. If α ∈ Div(S(µ))\ {1}, then 0 is a limit point of the subgroup {αn : n ∈ Z}.
If x ∈ X, V ⊂ X is clopen and α ∈ Div(S(µ)) with α ≤ µ(V ), then by Proposition
2.11(b) there exists a clopen U ⊂ V with x ∈ U and µ(U) = α. Hence,

(3.6) U =def {U ⊂ X : U is clopen and µ(U) ∈ Div(S(µ))}
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is a basis for X . By Lemma 3.1 a clopen U is in U iff µU is homeomorphic to µ.
Conversely, Lemma 3.1 implies that Div(S(µ)) is nontrivial if there is any proper
clopen subset U such that µU is homeomorphic to µ. �

Proposition 3.3. For µ a good measure on a Cantor space X the following con-
ditions are equivalent:

(1) S(µ) is Q-like.
(2) Q ∩ I ⊂ S(µ) and for every nonempty clopen subset U of X with µ(U)

rational, µU on U is homeomorphic to µ on X.
(3) Q ∩ I ⊂ S(µ) and for every nonempty clopen subset U of X with µ(U)

rational, S(µU ) = S(µ).

Proof. By Lemma 3.1 each of these conditions says exactly that Q∗∩I ⊂ Div(S(µ)).
�

Theorem 3.4. Let X be a Cantor space and µ ∈ MX. The following conditions
on µ are equivalent:

(1) µ is a good measure on X and S(µ) is field-like.
(2) µ is a good measure on X and for every nonempty clopen subset U of X,

µU on U is homeomorphic to µ on X.
(3) S(µ) is group-like and for every nonempty clopen subset U of X, S(µU ) =

S(µ).
(4) For every nonempty clopen subset U of X, S(µU ) = S(µ) and, in addition,

(3.7) (2S(µ)) ∩ I ⊂ S(µ).

Proof. (1) ⇒ (2) If S(µ) is field-like, then for every nonempty clopen U , µ(U) ∈
Div(S(µ)). Apply Lemma 3.1.

(2) ⇒ (3) Proposition 2.4 implies S(µ) is group-like and Proposition 1.5 implies
that S(µU ) = S(µ).

(3) ⇒ (4) S(µ) group-like implies (3.7).
(4) ⇒ (1) We first show that if for every nonempty clopen subset U of X S(µU ) =

S(µ), then conditions (i)-(iv) of Lemma 2.1(f) hold.
If µ(U) = α, then µ(X \ U) = 1 − α. So condition (ii) holds for any S(µ).
If α, β ∈ S(µ), then there exists a clopen V with µ(V ) = α. If α > 0, then

S(µV ) = S(µ) and so there exists a clopen U ⊂ V with µV (U) = β and so µ(U) =
αβ. In particular, S(µ) is closed under multiplication.

Given a positive integer n let {V1, ..., Vn} be a partition of cardinality n. As
above we can find for i = 1, ..., n clopens Ui ⊂ Vi such that µ(Ui) is the product
µ(V1)...µ(Vn). Let U be the clopen U1 ∪ ...∪Un. Clearly, {U1, ..., Un} is a partition
of U with µU (Ui) = 1/n for i = 1, ..., n. Hence, k/n ∈ S(µU ) = S(µ) for k = 0, ..., n.
So condition (i) holds.

Applying this construction with n = 2 we can find two disjoint nonempty clopens
U1, U2 with µ(U1) and µ(U2) a common positive number γ and so with U = U1 ∪
U2 µ(U) = 2γ. If α, β ∈ S(µ), then there exist clopens W1 ⊂ U1 and W2 ⊂ U2 such
that µU1(W1) = α and µU2(W2) = β. Let W = W1 ∪ W2. Clearly,

(3.8) µU (W ) = (α + β)/2 and µW (W1) = α/(α + β).

Since S(µU ) = S(µ) = S(µW ) this verifies conditions (iii) and (iv) of Lemma 2.1(f).
Assumption (3.7) implies that condition (v) holds as well. So by Lemma 2.1(f)

S(µ) is field-like. It remains to verify the Subset Condition.
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Given clopens U, V with µ(U) = α < β = µ(V ) then S(µ) field-like implies that
α/β ∈ S(µ) = S(µV ) and so there exists a clopen U1 ⊂ V such that µV (U1) = α/β.
Hence, µ(U1) = α = µ(U).

Since the Subset Condition holds, µ is good on X . �

Remark. While we need condition (3.7) for the proof, it may well be redundant.
We have no examples which suggest otherwise.

Corollary 3.5. Let (X,≤) be an ordered Cantor space and µ ∈ MX. If for every
nonempty clopen subset V of X

(3.9) S(µV ) = S(µ) = S̃(µ),

then µ is good on X and S(µ) is field-like.

Proof. By definition µ is adapted to (X,≤) and so by Theorem 2.6(b) µ is good on
X . Thus, condition (3) of Theorem 3.4 holds and (3) ⇒ (1) of the theorem yields
the result. �

Theorem 3.6. Let µ be a good measure on a Cantor space X and let µ1 be a full
measure on a zero-dimensional space X1. The product space X1 × X is a Cantor
space and the product measure µ1 × µ is full and nonatomic. If, in addition, we
have

(3.10) S(µ1) \ {0} ⊂ Div(S(µ)),

then there is a homeomorphism h : X → X1 × X such that

(3.11) h∗µ = µ1 × µ.

In particular, µ1 × µ is then a good measure on X1 × X with

(3.12) S(µ) = S(µ1 × µ).

Proof. Observe that X1 × X is a zero-dimensional space and it is perfect because
X is. Thus, the product is a Cantor space. Clearly, the product measure is full
and it is nonatomic because µ is. To obtain the homeomorphism h it suffices by
Theorem 2.9(a) to prove directly that the product measure is good and that (3.12)
holds.

Since the projection of X1×X to X maps µ1×µ to µ, it follows from (1.23) that
S(µ) ⊂ S(µ1×µ). Any nonempty clopen W in the product is a finite disjoint union
of products Ui × Vi with Ui clopen in X1 and Vi clopen in X with αi = µ1(Ui) > 0
and βi = µ(Vi) > 0. Each βi ∈ S(µ) and by assumption (3.10) each αi ∈ Div(S(µ)).
Because S(µ) is group-like, µ(W ) =

∑
i αiβi ∈ S(µ). Hence, (3.12) holds.

Because µ is good (2.17) implies that S(µ, Vi) ⊃ S(µ) ∩ [0, βi] and so

(3.13) S(µ1 × µ, Ui × Vi) ⊃ αiS(µ, Vi) ⊃ S(µ) ∩ [0, αiβi],

since αi is a divisor of S(µ) + Z. If γ <
∑

i αiβi, then there is a positive integer r
such that

(3.14)
∑

i<r

αiβi < γ ≤
∑

i<r

αiβi + αrβr.

If, in addition, γ ∈ S(µ), then by equations (3.14) and (3.12), γ − ∑
i<r αiβi

∈ S(µ1 × µ, Ur × Vr). It follows that γ ∈ S(µ1 × µ, W ). Applying (2.16) with
V = W we obtain (2.17) for every clopen subset W . It follows that µ1 × µ satisfies
the Subset Condition. �
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Corollary 3.7. Assume that µ is a good measure on a Cantor space X with S(µ)
field-like. Let Y be the product of a finite or countably infinite number of copies of X
and let ν be the product measure on Y obtained with µ on each factor. The measure
ν is good on the Cantor space Y and there exists a homeomorphism h : X → Y
such that

(3.15) h∗µ = ν.

Proof. For µ × µ on X × X the result is Theorem 3.6 with µ1 = µ. For any finite
number of copies the result follows by induction using Theorem 3.6 again.

If Y is the product of copies of X indexed by a countably infinite set J and U ⊂ V
are clopen subsets of Y , then there exist a clopen subset Ũ ⊂ Ṽ of a subproduct
indexed by some finite subset F of J such that Uand V are the preimages of Ũ
and Ṽ , respectively, via the projection map. It then follows from the finite product
result that S(νV ) = S(µ). By (3) ⇒ (1) of Theorem 3.4 it follows that ν is good
on Y . That h∗µ = ν then follows from Theorem 2.9(a). �

4. Automorphisms of good measures

In constructing automorphisms of a good measure it is useful to use an adapted
ordering. As an illustration we have

Proposition 4.1. Let (X,≤) be an ordered Cantor space with µ ∈ MX . Assume
that

(4.1) α ∈ S̃(µ) =⇒ 1 − α ∈ S̃(µ),

e.g. this holds if µ is adapted to (X,≤). There exists a unique f ∈ Hµ(X) which
is order-reversing, i.e.

(4.2) x ≤ y =⇒ f(x) ≥ f(y).

Proof. Let ≤′ denote the reverse order on X . Since µ is nonatomic it is clear that
α is in the special clopen values set for µ on (X,≤) iff 1−α is in the special clopen
values set for µ on (X,≤′). By assumption these two sets are the same. So Theorem
1.6(b) implies there is a unique measure preserving order isomorphism from (X,≤)
to (X,≤′). �

Remarks. (a) In general, α = µ(U) implies that 1 − α = µ(X \ U) and so it is
always true that α ∈ S(µ) implies 1−α ∈ S(µ). Hence, S(µ) = S̃(µ) implies (4.1).

(b) If we let F ′
µ denote the CDF of µ with respect to the reverse order ≤′, it is

clear that

(4.3) F ′
µ = 1 − Fµ.

So let us begin with (X,≤) an ordered Cantor space and a measure µ adapted
to (X,≤), i.e. S̃(µ) = S(µ). Recall from Proposition 1.3 that the CDF Fµ : (X,≤
) → (I,≤) is an almost one-to-one, continuous surjection with Fµ(I \ InjFµ) =
S(µ) \ {0, 1}. For t ∈ S(µ) \ {0, 1} we let t− < t+ denote the endpoint pair which
is mapped to t by Fµ. For 0, we will write 0− = 0+ = m and 1− = 1+ = M ,
the minimum and maximum point, respectively. We will call a closed interval
J = [t1, t2] of R a µ interval if

(4.4) 0 ≤ t1 < t2 ≤ 1 and t1, t2 ∈ S(µ),
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in which case we let

(4.5) Ĵ =def [t+1 , t−2 ],

so that Ĵ is the unique clopen interval which is mapped by Fµ onto J . Clearly,

F−1
µ (J) = Ĵ ∪ {t−1 , t+2 } = [t−1 , t+2 ],

F−1
µ (J◦) = Ĵ \ {t+1 , t−2 } = (t+1 , t−2 ),

(4.6)

where J◦ is the interior of J in R.
For α ∈ R define the translation map Hα and the antitranslation map H−

α on R

by

(4.7) Hα(t) = t + α and H−
α (t) = −t + α.

For a subinterval J ⊂ R let |J | denote its length, which equals its Lebesgue
measure λ(J). If J1, J2 are closed subintervals of R with |J1| = |J2| > 0, then there
is a unique translation map H+

21 and a unique antitranslation map H−
21 such that

(4.8) H+
21(J1) = J2 = H−

21(J1).

Lemma 4.2. Assume that (X,≤) is an ordered Cantor space and µ is a measure
adapted to (X,≤). Let J1 and J2 be S(µ) intervals with |J1| = |J2|. There exist
unique measure preserving homeomorphisms h+

21, h
−
21 : Ĵ1 → Ĵ2 such that h+

21 is
order-preserving and h−

21 is order-reversing. Furthermore, these are the unique
continuous maps such that

(4.9) H±
21 ◦ Fµ = Fµ ◦ h±

21.

Proof. By Theorem 2.6(c) µĴk
is a measure adapted to (Ĵk,≤) (k = 1, 2). By

Theorem 2.6(a) they are good and so by (2.21) S̃(µĴ1
) = S̃(µĴ2

). By Theorem
1.6 there is a unique order isomorphism h+

21 from µĴ1
to µĴ2

and it is the unique
continuous map such that F2 ◦ h+

21 = F1, where Fk is the CDF of µĴk
for k = 1, 2.

The restriction of Fµ to Ĵk is Fk composed with the order preserving linear map
from I to Jk (k = 1, 2) and so the characterization (4.7) for h+

21 follows. For h−
21

apply Proposition 4.1 and the Remarks thereafter. �

By the circle we will mean the compact quotient group R/Z with the projection
homomorphism π : R → R/Z. π restricts to a surjection π : I → R/Z which
yields the circle as the space I with 0 and 1 identified. We will call an element
α ∈ R/Z rational (or irrational) if it is the projection under π of a rational (resp.
an irrational) real number.

If Fµ is the CDF of the measure µ we define the surjection Fπ
µ and the subset

Sπ(µ) by

Fπ
µ =def π ◦ Fµ : X → R/Z,

Sπ(µ) =def Fπ
µ (S(µ)) = Fπ

µ (S(µ) + Z) ⊂ R/Z.
(4.10)

For α ∈ R/Z define the translation map

(4.11) Hπ
α(t) = t + α,

with addition in R/Z.
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Theorem 4.3. Assume that (X,≤) is an ordered Cantor space and µ is a measure
adapted to (X,≤). Sπ(µ) is a countable, dense subgroup of R/Z. For each α ∈
Sπ(µ) there is a unique hα ∈ Hµ(X) such that

(4.12) Fπ
µ ◦ hα = Hπ

α ◦ Fπ
µ .

Furthermore, the map h# : Sπ(µ) → Hµ(X) defined by α 
→ hα is a discontinuous
group homomorphism.

Proof. As noted in (4.10), Sπ(µ) is the image of the group S(µ) + Z under the
homomorphism Fπ

µ and so it is a subgroup of the circle.
For α ∈ S(µ) \ {0, 1} consider the partitions {[m, (1 − α)−], [(1 − α)+, M ]} and

{[α+, M ], [m, α−]} of X . We use Lemma 4.2 to get two translation maps whose
union is hα ∈ Hµ(X) which satisfies

(4.13) hα([m, (1 − α)−]) = [α+, M ] and hα([(1 − α)+, M ]) = [m, α−],

and which is order preserving on each piece. Equation (4.12) follows from (4.9).
We clearly have Hπ

α ◦ Hπ
β = Hπ

α+β for α, β ∈ R/Z. It follows from uniqueness
of the lifting that h# is a homomorphism. Since the homomorphism cannot be
extended to the entire circle, it is not continuous. �

We now consider the dynamic character of these maps. A homeomorphism f on
a space X is called uniquely ergodic if it has a unique invariant measure. In the
proposition below we collect the well-known results that we will need about such
automorphisms.

First, we recall that if G : X1 → X2 is a continuous map, then it is called almost
one-to-one if InjG = {x ∈ X1 : G−1(G(x)) is a singleton} is dense in X1. By
compactness {y ∈ X2 : d(G−1(y)) < ε} is open for any positive ε. Hence, G(InjG)
and its preimage InjG are Gδ sets. By Lemma 1.1(d) an almost one-to-one map is
almost open.

Proposition 4.4. (a) Let µ be a full measure on a space X. If f ∈ Hµ(X) is
uniquely ergodic, then f is minimal on X. That is, for every x ∈ X the
orbit {fn(x) : n ∈ Z} is dense in X. Furthermore, µ is nonatomic or X is
finite.

(b) Let (Γ, g) be a compact pointed monothetic group. The translation map hg

on Γ defined by hg(x) = g + x is uniquely ergodic with Haar measure µΓ

the unique invariant measure.
(c) For k = 1, 2 let µk be a measure on a space Xk and let G : X1 → X2 be a

continuous map such that

(4.14) G∗µ1 = µ2.

If µ2 is nonatomic, then µ1 is nonatomic. If µ2 is full, then G is surjective.
In any case,

(4.15) µ2(X2 \ G(InjG)) = 0 ⇐⇒ µ1(X1 \ InjG) = 0.

We will say that G induces a measure isomorphism when these conditions
hold. If µ2 is full and G induces a measure isomorphism, then G is almost
one-to-one iff µ1 is full.
If µ2 is nonatomic and X2\G(InjG) is countable, then G induces a measure
isomorphism.
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(d) For k = 1, 2 let µk be a measure on a space Xk and fk ∈ Hµk
(X) and let

G : X1 → X2 be a continuous map such that

(4.16) G ◦ f1 = f2 ◦ G.

If f2 is uniquely ergodic, then G∗µ1 = µ2. If, in addition, µ2 is full and
nonatomic and G induces a measure isomorphism, then G is an almost
one-to-one surjection, µ1 is full and nonatomic and f1 is uniquely ergodic.

Proof. (a) The restriction of f to any minimal subset of X admits an invariant
measure. So if there is a unique invariant measure, then there is a unique closed
invariant subset M and the complement has measure zero. If the invariant measure
is full, then M = X . If x is an atom for an invariant measure µ, then the orbit of
x consists of atoms with equal measure. Since the measure is finite, x is a periodic
point whose orbit must be all of X since f is minimal. That is, X is finite or µ is
nonatomic.

(b) Haar measure is the unique measure preserved by all translations and so it
is hg invariant. On the other hand, if, for any measure µ on Γ, we define Invµ ⊂ Γ
to be those elements whose translation maps preserve µ, then Invµ is a closed
subgroup of Γ. If the generator g ∈ Invµ, then Invµ = Γ and so µ is the Haar
measure µΓ.

(c) (4.14) implies that G maps any atom of µ1 to an atom of µ2 and that
µ2(X2 \ G(X1)) = 0. Hence, if µ2 is nonatomic, then µ1 is and if µ2 is full, then
X2 \ G(X1) = ∅. Since InjG = G−1(G(InjG)) (4.15) follows from (4.14). If the
conditions of (4.15) hold, then for any closed subset A of X1, G(A) is a closed
subset of X2 with A ∩ InjG = G−1(G(A) ∩ G(InjG)). Hence, (4.15) implies

(4.17) µ1(A) = µ1(A ∩ InjG) = µ2(G(A) ∩ G(InjG)) = µ2(G(A)).

Now if µ1 is full and A has nonempty interior, then µ1(A) > 0 implies A meets
InjG and so InjG is dense and G is almost one-to-one. On the other hand, if G is
almost one-to-one, then by Lemma 1.1 G is almost open. So if µ2 is full and A has
nonempty interior, then G(A) has nonempty interior and so µ2(G(A)) > 0 implies
µ1(A) > 0 and so µ1 is full.

The result when G(InjG) has a countable complement is obvious.
(d) If µ1 is an invariant measure for f1, then (4.14) implies that G∗µ1 is an

invariant measure for f2. If µ2 is the unique invariant measure for f2, then (4.14)
holds. Now assume, in addition, that µ2 is full and nonatomic and G induces a
measure isomorphism. From (c) it follows that G is an almost one-to-one surjection
and that µ1 is full and nonatomic. From (4.17) it is clear that µ1 is determined by
µ2 and so f1 is uniquely ergodic. �
Corollary 4.5. Let (X,≤) be an ordered Cantor space and let µ be a measure
adapted to (X,≤). If α is an irrational element of Sπ(µ), then the automorphism
hα ∈ Hµ(X) is uniquely ergodic, where hα is the lift under Fµ of the α translation
map on the circle.

Proof. Since α is irrational, (R/Z, α) is a compact pointed monothetic group and
so the translation map Hπ

α is uniquely ergodic by Proposition 4.4(b). Since Fπ
µ is

injective on the complement of the countable set F−1
µ (S̃(µ)), it induces a measure

isomorphism from the full nonatomic measure µ on X to the Haar measure, i.e.
Lebesgue measure on the circle. By Proposition 4.4(d) the lift hα is uniquely
ergodic. �
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Theorem 4.6. Let X be a Cantor space. A measure µ ∈ MX is good on X, i.e.
it satisfies the Subset Condition, iff there exists f ∈ Hµ(X) which is a uniquely
ergodic homeomorphism on X.

Proof. Assume that µ is good. If S(µ) ⊂ Q, then by Theorem 2.16 the measure
µ is homeomorphic to the Haar measure on the adding machine (ΓD, 1) with D =
Rec(S(µ)). By Proposition 4.4(b) the translation by 1 on Γ is uniquely ergodic. On
the other hand, if there exists an irrational in S(µ), then let α be the corresponding
irrational element of Sπ(µ). By Theorem 2.7 we can choose an order on X adapted
to µ. By Corollary 4.5 the translation map hα on X is uniquely ergodic.

The converse result is due to Glasner and Weiss. Lemma 2.5 of Glasner and
Weiss [1995] implies that if f is a uniquely ergodic homeomorphism on a Cantor
space X , then the invariant measure µ is good on X . �

We have seen that if µ is a good measure on a Cantor space X and α ∈ Sπ(µ),
then there exists f ∈ Hµ(X) which has the α translation map of the circle as a
factor. We do not know if this characterizes the set S(µ). That is, do there exist µ
invariant maps on X which factor over an α translation for any α not in Sπ(µ)?

It is possible to extend Theorem 2.16 to get a factorization result over adding
machines.

Theorem 4.7. Assume that µ is a good measure on a Cantor space X such that
D = Rec(S(µ)) is infinite. Let (ΓD, 1) be the adding machine associated with D
with h the 1 translation map on ΓD. There exists G : X → ΓD with X \ InjG

countable and f ∈ Hµ(X) such that G ◦ f = h ◦G. The homeomorphism f on X is
uniquely ergodic.

Proof. We will sketch the proof leaving the details to the reader.
Choose an order on X adapted to µ. Let Fµ : X → I be the CDF. We will use

the inverse limit construction for ΓD. To do so, let {mk : k = 0, 1, ...} be a strictly
increasing sequence of positive integers, cofinal in D, with m0 = 1 and mk−1|mk

for k = 1, 2, .... For each k = 1, 2, ... let dk be the positive integer mk/mk−1 so that
dk > 1.

We will use the phrase “the n pieces of the interval [a, b]” to mean the intervals
{[a + id, a + (i + 1)d] : i = 0, 1, ..., n − 1} with d = (b − a)/n listed in ascending
order.

Let {A1,1, ..., A1,d1−1} list the first d1 − 1 of the d1 pieces of I excluding the last
interval A1. Similarly, let {B1,1, ..., B1,d1−1} list the last d1 − 1 of the d1 pieces of
I excluding the first interval B1. The excluded intervals both have length 1/m1.

Now let {A2,1, ..., A2,d2−1} list the first d2 − 1 of the d2 pieces of A1 excluding
the last interval A2. Similarly, let {B2,1, ..., B2,d1−1} list the last d2 − 1 of the d2

pieces of B1 excluding the first interval B2. The excluded intervals both have length
1/m2.

Continuing this inductive labeling we obtain two sequences of intervals {Ak,j},
{Bk,j}, converging to the points 1 and 0, respectively, with |Ak,j | = |Bk,j | = 1/mk.
Since D = Rec(S(µ)) and µ is adapted to the order, the reciprocal of each mk lies
in S̃(µ) and each of these is a µ interval. Because the intervals in each sequence are
nonoverlapping, the lifted sequences {Âk,j} and {B̂k,j} form a countable partition
of X \ {M} and X \ {m}, respectively. Use Lemma 4.2 to define f on Âk,j as the
unique order-preserving map to B̂k,j and finally let f(M) = m. Clearly, f ∈ Hµ(X)
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and it is easy to check that it is a cyclic permutation of the lifts of the mk pieces
of I. This provides the projection G from X to the inverse limit ΓD which maps f
to the translation by 1.

Finally, the intervals provide an ordering on ΓD and it is easy to see that G is
the unique continuous map such that

(4.18) Fµ = FµΓ ◦ G.

Hence, InjFµ ⊂ InjG and so X \ InjG is countable. It follows from Proposition
4.4(d) that f is uniquely ergodic. �

Remark. Let (Γ, g) be a pointed Cantor group. By Proposition 1.5 and (2.50)
in Theorem 2.16 the measure µ can only be mapped to Haar measure µΓ when
S(µΓ) ⊂ S(µ) ∩ Q and so by Theorem 2.17 any such pointed Cantor group is a
homomorphic image of (ΓD, 1) with D = Rec(S(µ)).

Theorem 4.8. Let µ be a good measure on a Cantor space X such that S(µ) is
field-like. Assume that I ⊂ S(µ) is such that I ∪{1} is linearly independent over Q

and let π(I) be the corresponding subset of Sπ(µ) ⊂ R/Z. Let H =
∏

α∈π(I) Hπ
α be

the translation map on the torus TI (the product of copies of the circle R/Z indexed
by π(I)).

There exists h ∈ Hµ(X) and an almost one-to-one measure isomorphism G :
X → TI such that G ◦ h = H ◦ G. G maps µ to the Haar measure on TI and the
homeomorphism h on X is uniquely ergodic.

Proof. Let g ∈ TI with gα = α. The rational independence of I ∪ {1} implies that
(TI , g) is a compact pointed monothetic group and that H is the g translation map.
By Proposition 4.4(b) H is uniquely ergodic.

Let Y be the product of copies of X indexed by π(I) with ν the measure on Y

which is the product of copies of µ. Let G̃ : Y → TI be the product of copies of
Fπ

µ : X → R/Z. InjG is the product of the dense sets InjFµ and so it is dense, i.e.
G̃ is an almost one-to-one surjection. The complement is the union of sets indexed
by π(I), where the points of the α set have α coordinate in X \ InjFµ . Hence,
Y \InjG̃ has measure zero, i.e. G̃ is a measure isomorphism. Let h̃ ∈ Hν(Y ) be the
product of copies of hα from Theorem 4.3 so that G̃ ◦ h̃ = H ◦ G̃. By Proposition
4.4(d) h̃ is uniquely ergodic.

Because S(µ) is field-like, Corollary 3.7 implies there exists a homeomorphism
q : X → Y which maps µ to ν. We let h = q−1 ◦ h̃ ◦ q and G = G̃ ◦ q. �

Theorem 4.9. Let µ be a good measure on a Cantor space X such that S(µ) is field-
like. Assume that α1, ..., αn ∈ S(µ) \ {0, 1} with

∑
k αk = 1. Let [n] =def {1, ..., n}

and let νn be the measure on [n] with νn({k}) = αk for k = 1, ..., n. Let Y = [n]Z

with the product topology and let ν be the product measure on Y with copies of νn

on each factor. Let H be the shift homeomorphism on Y , i.e. H(y)i = yi+1 for all
i ∈ Z. Thus, ν ∈ MX and H ∈ Hν(Y ).

There exists h ∈ Hµ(X) and an almost one-to-one measure isomorphism G :
X → Y such that G maps µ to ν and G ◦ h = H ◦ G.

Proof. Choose an order on X adapted to µ. Let Fµ : X → I be the CDF. For k =
1, ..., n let Jk denote the the µ interval [σk−1, σk] with σ0 = 0 and σk =def

∑
j≤k αj .

Thus, the Fµ-lifts Ĵk for k = 1, ..., n forms a partition of X with µ(Ĵk) = αk for
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all k. Because S(µ) is field-like and µ is adapted to the order, S̃(µJk
) = S(µJk

) =
S(µ) = S̃(µ) and so there exists a unique order isomorphism hk : (Ĵk,≤) → (X,≤)
which maps µĴk

to µ. In the product space X × X the homeomorphism

(4.19) h×
k =def hk × (hk)−1 : Ĵk × X → X × Ĵk

maps µĴk
× µ to µ × µĴk

. Since the µ × µ measure of each of these pieces is αk

we see that h×
k is µ × µ measure preserving on each slice. Putting together these

pieces we obtain a map h̃ ∈ Hµ×µ(X ×X) which maps the vertical partition to the
horizontal partition. Define G̃ : X × X → Y by

(4.20) G̃(x, y)i = k ⇐⇒ (h̃)i(x, y) ∈ Ĵk × X for i ∈ Z.

It is easy to see that G̃ maps h̃ to H and µ × µ to ν. Furthermore, if G̃(x1, y1) =
G̃(x2, y2), then Fµ(x1) = Fµ(x2) and Fµ(y1) = Fµ(y2) because when X × X is
projected to I × I by Fµ × Fµ, the map h̃ becomes the usual Baker’s Transforma-
tion associated with α1, ..., αn. Hence, G̃ is an almost one-to-one surjection and a
measure isomorphism from µ × µ to ν.

Because S(µ) is field-like, Theorem 3.6 implies there exists a homeomorphism
q : X → X × X which maps µ to µ × µ. We let h = q−1 ◦ h̃ ◦ q and G = G̃ ◦ q. �

If on a Cantor space X we are given a measure µ ∈ MX , a nonempty clopen
subset V of X and a positive integer n, then a partition A of V is called a 1/n
partition of V when

(4.21) A ∈ A =⇒ µ(A) = µ(V )/n.

Clearly a 1/n partition has cardinality n.
Recall that (Ξ, g) denotes the universal adding machine, i.e. the Cantor group

with DΞ the entire set of positive integers, i.e. the Cantor group with clopen
subgroups of every positive index. By (2.50) and Theorem 2.16, the Haar measure
µΞ is characterized up to homeomorphism as the unique good measure with clopen
values set

(4.22) S(µΞ) = Q ∩ I.

Lemma 4.10. Let µ be a good measure on a Cantor space X.
(a) Q ∩ I ⊂ S(µ) iff X admits a 1/n partition for every positive integer n.
(b) The following conditions are equivalent:

(1) S(µ) is Q-like.
(2) For every nonempty clopen subset V of X S(µV ) is Q-like.
(3) For every nonempty clopen subset V of X Q ∩ I ⊂ S(µV ).
(4) Every nonempty clopen subset V of X admits a 1/n partition for every

positive integer n.
(5) With µΞ × µ the product measure on Ξ × X, S(µΞ × µ) = S(µ).
(6) There exists a homeomorphism q : X → Ξ×X such that q∗µ = µΞ×µ.

Proof. (a) If X admits a 1/n partition, then n ∈ Rec(S(µ)). Conversely, if n ∈
R(S(µ)), then since S(µ) is group-like, k/n ∈ S(µ) for k = 0, 1, ..., n. Choose an
order on X adapted to µ. As in the proof of Theorem 4.9, Jk = [(k−1)/n, k/n] is a
µ interval for k = 1, ..., n and {Ĵk : k = 1, ..., n} is a 1/n partition of X . Hence, X
admits such partitions for all n iff Z∗ = Rec(S(µ)) and so by (2.12) iff Q∩I ⊂ S(µ).
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(b) (1) ⇒ (6): Theorem 3.6.
(6) ⇒ (5): Proposition 1.5.
(5) ⇒ (1): Let α ∈ Q∗ ∩ I and β ∈ S(µ). There exist clopens U ⊂ Ξ and V ⊂ X

such that µΞ(U) = α and µ(V ) = β. By assumption (5) αβ = µΞ×µ(U×V ) ∈ S(µ).
It follows that the group S(µ) + Z is closed under multiplication by elements of Q,
i.e. S(µ) is Q-like.

(1) ⇒ (2): Apply (3.3) and Lemma 2.1(d).
(2) ⇒ (3): Obvious.
(3) ⇒ (1): Let α ∈ Q∗ ∩ I and β = µ(V ) with V clopen in X . By assumption

(3), α ∈ S(µV ) and so αβ ∈ S(µ).
(3) ⇔ (4): Apply part (a) to each V . �

For a partition A on a space X the associated equivalence relation ≡A is defined
to be

⋃{A × A : A ∈ A}. If f1, f2 : Y → X are functions, then we write f1 ≡A f2

if f1(y) ≡A f2(y) for all y ∈ Y , i.e. for every y ∈ Y there exists A ∈ A such
that {f1(y), f2(y)} ⊂ A . If A satisfies mesh(A) ≤ ε, then f1 ≡A f2 implies
d(f1(y), f2(y)) ≤ ε for all y ∈ Y , i.e. f1 and f2 are uniformly ε close. On the other
hand, if ε > 0 is the minimum distance between two points in different elements of
A, then d(f1(y), f2(y)) < ε for all y ∈ Y implies f1 ≡A f2.

If on a Cantor space X we are given a measure µ ∈ MX , a nonempty clopen
subset V of X and a numbered partition {A1, ..., An} of V , then h ∈ Hµ(X) is said
to be cyclic on V of period n with respect to {A1, ..., An} if

hn(x) = x for all x ∈ V

and h(Ai) = Ai+1
(4.23)

for i = 1, ..., n with addition mod n. Since h is measure preserving, {A1, ..., An}
must be a 1/n partition of V .

A homeomorphism h ∈ Hµ(X) is said to be cyclic on V of period n if such a
partition exists. It is called a cyclic map of period n if it is a cyclic map of period
n on V = X and it is called a cyclic map if it is a cyclic map of period n for some,
necessarily unique, positive integer n.

If µ is good on X and {A1, ..., An} is an arbitrary numbered 1/n partition of V ,
then there exist for i = 1, ..., n − 1 homeomorphisms hi : Ai → Ai+1 mapping µAi

to µAi+1 . Define

(4.24) hn = (hn−1 ◦ ... ◦ h1)−1 : An → A1

and extend by any measure preserving automorphism of X \ V , e.g. 1X\V , to get
h ∈ Hµ(X) which is cyclic on V with respect to {A1, ..., An}.
Lemma 4.11. Let X be Cantor space and µ ∈ MX . Assume that h ∈ Hµ(X), V
is a nonempty clopen subset of X and {A1, ..., An} is a numbered partition of V
such that h(Ai) ⊂ Ai+1 for i = 1, ..., n with addition mod n.

(a) h(Ai) = Ai+1 for i = 1, ..., n with addition mod n. If for all x ∈ An, hn(x) =
x, then h is cyclic on V of period n with respect to {A1, ..., An}.

(b) Assume that µ is a good measure on X with S(µ) Q-like and that h is cyclic
on V of period n with respect to {A1, ..., An}. For any positive integer k

and any partition B on X, there exists a numbered partition {Ã1, ....Ãkn}
of V and h̃ ∈ Hµ(X) such that
(1) For j = 1, ..., kn and i = 1, ..., n, if i ≡ j mod n, then Ãj ⊂ Ai.
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(2) h̃(Ãj) ⊂ Ãj+1 for j = 1, ..., kn with addition mod kn.
(3) h̃kn(x) = x for all x ∈ V .
(4) h̃(x) = h(x) for all x ∈ X \ An.
(5) h̃(x) ≡B h(x) for all x ∈ An.
In particular, h̃ is cyclic on V of period kn with respect to the refinement
{Ã1, ..., Ãkn} of {A1, ..., An} and h̃ ≡B h.

Proof. (a) Since h ∈ Hµ, µ(Ai) = µ(h(Ai)) ≤ µ(Ai+1) for i = 1, ..., n with addition
mod n. Since these inequalities cycle they are equations. Hence the clopen sets
Ai+1 \ h(Ai) have measure zero for i = 1, ..., n − 1. Since µ is full these sets are
empty.

If hn = 1X on An and y ∈ V , then y ∈ An−i for some i = 0, ..., n and so
x = hi(y) ∈ An. Hence, hn+i(y) = hn(x) = x = hi(y). Applying h−i we see that
hn(y) = y.

(b) Because S(µ) Q-like, on every nonempty clopen of the form B ∩ An with
B ∈ B we can choose a measure preserving map which is cyclic of period k on
B ∩ An. Assemble these to obtain a measure preserving map g on An and extend
g by the identity on X \ An. Thus, g(x) = x for x ∈ X \ An and g(x) ≡B x for
all x ∈ An. On An g is cyclic of period k with respect to some numbered partition
C1, ..., Ck of An. Let h̃ = g ◦ h. Clearly, (4) and (5) hold. For x ∈ An we have

(4.25) h̃i(x) = hi(x) for 0 ≤ i < n and h̃n(x) = g(x).

Define the numbered partition on V by

(4.26) Ãi+(r−1)n =def hi−n(Cr) for i = 1, ..., n and r = 1, ..., k.

Obviously (1) holds, and from (4.25), (2) and (3) hold as well. �
Now we consider a measure µ on a Cantor space X with S(µ) Q-like.
Given any partition A on X the measure µ induces the positive distribution µA

on A by

(4.27) µA(A) = µ(A) for A ∈ A.

If f ∈ Hµ(X), then f and µ induce a distribution PA[f ] on the product set A × A

by

(4.28) PA[f ](A1, A2) = µ(A1 ∩ f−1(A2)) = µ(f(A1) ∩ A2) for A1, A2 ∈ A.

Clearly,

(4.29)
∑

B∈A

PA[f ](A, B) =
∑

B∈A

PA[f ](B, A) = µ(A) for A ∈ A.

The associated relation RA[f ] on A is the subset of A × A given by
(4.30)

RA[f ] = {(A1, A2) : A1 ∩ f−1(A2) �= ∅} = {(A1, A2) : PA[f ](A1, A2) > 0}.
Lemma 4.12. The transitive relation ORA[f ] =def

⋃∞
k=1(RA[f ])k is an equiva-

lence relation.

Proof. From (4.29) it follows that R = RA[f ] is a surjective relation. That is,
for every A ∈ A there exist B1, B2 such that PA[f ](A, B1) and PA[f ](B2, A) are
positive. We prove that OR is an equivalence relation on A by induction on the
cardinality n of A.

If n = 1, then A = {X} and R = {(X, X)} is the trivial equivalence relation.
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On the cyclic set of OR,

(4.31) |OR| =def {A ∈ A : (A, A) ∈ OR},
OR∩(OR)−1 is an equivalence relation and its equivalence classes, the R basic sets,
are partially ordered by OR. Choose B a terminal basic set. That is, B× B ⊂ OR
and

(4.32) B ∈ B and (B, A) ∈ OR =⇒ A ∈ B.

From (4.29) and (4.32) we have
∑

B∈B

∑

A∈A

PA[f ](A, B) =
∑

B∈B

µ(B)

=
∑

B∈B

∑

A∈A

PA[f ](B, A) =
∑

A,B∈B

PA[f ](B, A),
(4.33)

since B ∈ B and A �∈ B implies PA[f ](B, A) = 0. It follows that PA[f ](A, B) = 0
if B ∈ B and A �∈ B.

Now if A = B, then OR = B × B is an equivalence relation. If Ã = A \ B is
nonempty, then it is a partition of cardinality less than n on a nonempty clopen
subset V of X . Furthermore, PA[f ](B, A) = PA[f ](A, B) = 0 if A ∈ Ã and B ∈ B.
Hence, f(V ) = V and f ∈ HµV (V ). Applying the inductive hypothesis we have
that ORÃ[f ] is an equivalence relation and so

(4.34) ORA[f ] = ORÃ[f ] ∪ (B × B)

is an equivalence relation as well. �

Theorem 4.13. If µ is a good measure on a Cantor space X such that S(µ) is
Q-like, then the set of cyclic functions is dense in Hµ(X).

Proof. Given a partition A, let P denote the A×A matrix PA[f ]. We use induction
on number N of nonzero entries in P to prove that there exists a cyclic function g
in Hµ such that g ≡A f .

If N = 1, then A = {X} and g = 1X is a cyclic function with g ≡A f .
For the inductive step we first construct a cycle on a nonempty clopen part of

the space.
Case i: Some diagonal entry P (A1, A1) is positive.
Define Z1 = A1 ∩ f−1(A1). By (4.28) µ(Z1) = P (A1, A1). Since f(Z1) =

f(A1)∩A1 and f ∈ Hµ we have µ(A1 \ f(Z1)) = µ(A1 \Z1). Because µ is good we
can choose h ∈ Hµ such that

h(A1 \ f(Z1)) = A1 \ Z1,

h = f−1 on f(Z1),

h = 1X on X \ A1.

(4.35)

Clearly, h ≡A 1X and so with f1 =def h ◦ f f1 ≡A f . Let Z = Z1. On Z f1

restricts to the identity. That is, it is cyclic of period n = 1.
Case ii: With A1 �= A2 ∈ A, p =def P (A1, A2) is the smallest positive entry of

P .
By Lemma 4.12 we can construct a chain {A1, A2, ..., An} in A so that with

An+1 =def A1 we have P (Ak, Ak+1) > 0 for k = 1, 2, ..., n. By assumption,
P (Ak, Ak+1) ≥ p for k = 1, 2, ..., n. Suppose n ≥ 2 is the minimal length of a chain
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satisfying these properties. If for some 2 ≤ j < k ≤ n, Aj = Ak, then we could re-
move Aj+1, ..., Ak to get a shorter list. Similarly, if for some 2 < k ≤ n, Ak = A1 we
could remove Ak, ..., An. Thus, the chain of minimal length has distinct members
in A.

Define Z1 = A1 ∩ f−1(A2) so that f(Z1) ⊂ A2 and

(4.36) µ(f(Z1)) = p ≤ µ(A2 ∩ f−1(A3)).

By Proposition 2.11 applied to the good measure µA2 there exists h2 ∈ HµA2
(A2)

such that

(4.37) Z2 =def h2(f(Z1)) ⊂ A2 ∩ f−1(A3),

and so µ(Z2) = p.
Inductively, for k = 3, ..., n we construct hk ∈ HµAk

(Ak) and Zk ⊂ Ak ∩
f−1(Ak+1) with µ(Zk) = p such that

(4.38) Zk =def hk(f(Zk−1)) ⊂ Ak ∩ f−1(Ak+1).

Since An+1 = A1 (4.38) implies that Z1 and f(Zn) are clopen subsets of A1 with
the same measure. We can choose h ∈ Hµ such that

h(A1 \ f(Zn)) = A1 \ Z1,

h = (f ◦ hn ◦ f ◦ hn−1 ◦ ... ◦ h2 ◦ f)−1 on f(Zn),
h = hk on Ak for k = 2, ..., n,

h = 1X on X \ (
n⋃

j=1

Aj).

(4.39)

Clearly, h ≡A 1X and so with f1 =def h ◦ f , f1 ≡A f . With respect to the
numbered partition {Z1, ..., Zn} of Z =def

⋃n
j=1 Zj, f1 is cyclic on Z of period n.

So in each case, we have constructed f1 ≡A f cyclic of period n on the clopen
subset Z of X .

If Z = X we have constructed the desired cyclic function on X . It remains to
consider the case when X̃ = X \ Z is a nonempty clopen subset with the good
measure µ̃ = µX̃ and the partition Ã = {A∩ X̃ : A ∈ A} \ {∅}. Notice that Z is an
invariant subset for f1 and so letting f̃ denote the restriction of f1 to X̃ we have
f̃ ∈ Hµ̃(X̃). So if we let

(4.40) P̃ (A, B) =def µ(A ∩ f−1
1 (B) ∩ X̃)/µ(X̃),

then P̃ is the matrix PÃ[f̃ ] extended by 0 for those indices of A ∈ A such that
A ∩ X̃ = ∅. Since f1 ≡A f we have for all A, B ∈ A

(4.41) A ∩ f−1(B) = A ∩ f−1
1 (B).

Consequently,

(4.42) P̃ (A, B) ≤ P (A, B)/µ(X̃).

Furthermore, since Z1 is disjoint from X̃,

P̃ (A1, A1) = 0 in Case i,

P̃ (A1, A2) = 0 in Case ii.
(4.43)

Thus, PÃ[f̃ ] has fewer positive entries than does PA[f ]. It follows from the
induction hypothesis that there exists f̃1 ∈ Hµ̃(X̃) such that f̃1 ≡Ã f̃ and f̃1 is
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cyclic on X̃ with period ñ. Define f2 ∈ Hµ(X) to be f1 on Z and f̃1 on the
complement X̃ = X \ Z. Thus, f2 ≡A f and f2 is cyclic of period n on Z and of
period ñ on X̃. Apply Lemma 4.11(a) to change f2 on each of the two pieces Z

and X̃ of X to get f3 ≡A f2 ≡A f which is cyclic of period n · ñ on each piece. �

Recall that a partition A1 refines A2, written A1 → A2, if each element of A1 is
contained in a member of A2 and we define the surjection πA2

A1
: A1 → A2 by

(4.44) A ⊂ πA2
A1

(A) for A ∈ A1.

If A1 and A2 are partitions of X , then the least common refinement is

(4.45) A1 ∧ A2 =def {A1 ∩ A2 : A1 ∈ A1 and A2 ∈ A2} \ {∅}.
If f is an automorphism of X , then a partition A is called invariant if

(4.46) A ∈ A =⇒ f(A) ∈ A.

This says exactly that the relation RA[f ] is a function on A in which case we will
denote it by fA. Since the relation RA[f ] is always surjective and A is finite, fA is
a permutation of the invariant partition A. The partition is called fixed if

(4.47) A ∈ A =⇒ f(A) = A.

That is, A is invariant and fA = 1A. At the opposite extreme, the partition is
called cyclic if it is invariant and the permutation fA consists of a single cycle on
A.

If A1 → A2 and A1 is invariant, then A2 invariant and

(4.48) πA2
A1

◦ fA1 = fA2 ◦ πA2
A1

.

If A1 is fixed (or cyclic), then A2 is fixed (resp. cyclic).
If A1 and A2 are invariant (or fixed) partitions, then A1 ∧A2 is invariant (resp.

fixed). However, A1 ∧ A2 is not ncessarily cyclic when the two factors are.
If A is an invariant partition, then we can concatenate the elements of the sep-

arate cycles of the permutation fA to obtain the fixed partition associated with A

denoted [A]. Thus, [A] is the finest fixed partition of which A is a refinement. A is
a cyclic partition iff it is invariant and [A] is the trivial partition {X}.
Definition 4.14. Let X be a Cantor space equipped with a metric d and a measure
µ ∈ MX . Let A = {A1, ..., An} be a numbered partition of X , ε be a positive
rational, N be a positive integer and α : [n] → I \ {0, 1} be a function which
satisfies

(4.49) αi ∈ S(µAi) for i ∈ [n] = {1, 2, ..., n}.
f ∈ Hµ(X) is in the subset G(A, α, ε, N) if either A is not a fixed partition for f

or there exist positive integers k, M and a partition W indexed by [n]× [2]× [M ]×
[kN ] so that for ijsr ∈ [n] × [2] × [M ] × [kN ]

(i) Wijsr ⊂ Ai.
(ii) µ(Wi1sr) = αiµ(Wi1sr ∪ Wi2sr).
(iii) d(Wijsr) < ε.
(iv) f(Wijsr) = Wijs(r+1) with addition mod kN .

Lemma 4.15. Each G(A, α, ε, N) is an open subset of Hµ(X). If µ is a good
measure on X with S(µ) Q-like, then each G(A, α, ε, N) is dense in Hµ(X).
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Proof. If f ≡A f1, then the relations RA[f ] and RA[f1] agree. So A is invariant,
fixed or cyclic for f1 if it satisfies the corresponding property for f . Thus, if A is
not fixed for f , then it is not fixed for f1. On the other hand, for the partition W

conditions (i), (ii) and (iii) do not depend on f while if (iv) holds for f , then it
holds for any f1 such that f1 ≡W f . Thus, G = G(A, α, ε, N) is an open subset of
Hµ.

Now assume that µ is good on X with S(µ) Q-like, B is an arbitrary partition
of X and that f ∈ Hµ(X). We will construct g ≡B f with g ∈ G. If A is not fixed
for f , then f ∈ G and we can let g = f . Assume now that A is fixed partition for
f . Furthermore, by replacing B by B ∧ A if necessary, we can assume that

(4.50) B → A.

By Theorem 4.13 and Lemma 4.11(b) there exists a positive integer k and a map
g ∈ Hµ with g ≡B f such that g is a cyclic map of period kN . That is, there is
a partition {Wr : r ∈ [kN ]} with WkN+1 = W1 such that g(Wr) = Wr+1 for all r
and gkN = 1X .

Since B refines A, g ≡A f and so A is a fixed partition for g. So if Wir = Ai∩Wr,
then g(Wir) = Wi(r+1). Hence, the g orbit of any x ∈ Ai moves cyclically through
the Wir’s and so no Wir is empty.

Choose δ > 0 an ε modulus of uniform continuity for 1X , g, ..., gkN . Because
S(µ) is Q-like, we can choose a positive integer M large enough that each Wi1 can
be partitioned into exactly M clopen pieces of equal measure and of diameter less
than δ. These pieces are labeled Wis1 for s ∈ [M ]. Define Wisr = gr−1(Wis1) for
r ∈ [kN ]. Thus,

(4.51) d(Wisr) < ε and µ(Wisr) = µ(Ai)/kNM.

By assumption on the map α, each µ(Ai)αi ∈ S(µ). Since S(µ) is Q-like,
µ(Ai)αi/kNM ∈ S(µ). So by the Subset Condition we can choose a clopen
Wi1s1 ⊂ Wis1 with this measure and let Wi2s1 = Wis1 \ Wi1s1. Since αi �= 0, 1
these sets are nonempty. Finally, define Wijsr = gr−1(Wijs1) for r ∈ [kN ] so that

(4.52) µ(Wi1sr) = αiµ(Wisr).

Notice that gkN = 1X implies that g(Wijs(kN)) = Wijs1 as required. �

Define the subset

(4.53) H∗
µ =def

⋂
{G(A, α, ε, N)}

with A, α, ε, N varying as in Definition 4.14.

Lemma 4.16. If µ is a good measure on X with S(µ) Q-like, then H∗
µ is a dense,

Gδ, conjugacy invariant subset of the Polish group Hµ(X).

Proof. Because the index set in Definition 4.14 is countable, Lemma 4.15 and the
Baire Category Theorem imply that H∗

µ is a dense, Gδ subset of Hµ.
Now let f ∈ H∗

µ, h ∈ Hµ and A, α, ε, N be in the index set of Definition 4.14.
Let δ > 0 be a positive rational modulus of uniform continuity for h and let

(4.54) h−1A =def {h−1(A) : A ∈ A}
be the pulled back partition. Since µ(h−1(A)) = µ(A) the function α satisfies
condition (4.49) for h−1A.
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By assumption f ∈ G(h−1A, α, δ, N). If A is fixed for hfh−1, then h−1A is fixed
for f . Then if W satisfies (i)-(iv) of Definition 4.14 for f with ε replaced by δ, then
{h(Wijsr} satisfies (i)-(iv) for hfh−1. Thus, the conjugate hfh−1 ∈ H∗

µ. �

Now we show that when S(µ) is Q-like, the dense Gδ subset H∗
µ is a single

conjugacy class in the group Hµ(X). Thus, the group Hµ(X) satisfies the Strong
Rohlin Property.

Theorem 4.17. Let (Ξ, g) be the universal adding machine Cantor group with the
Haar measure µΞ and let h ∈ HµΞ(Ξ) be translation by the generator g. Let µ
be a good measure on X with S(µ) Q-like and let H∗

µ be the dense, Gδ subset of
Hµ(X) defined by equation (4.53). If f ∈ Hµ(X), then f ∈ H∗

µ iff there exists a
homeomorphism q : X → X × Ξ such that

(4.55) q∗µ = µ × µΞ

and

(4.56) q ◦ f = (1X × h) ◦ q.

In particular, H∗
µ is a single conjugacy class in the group Hµ.

Proof. The existence of q satisfying (4.55) and (4.56) says exactly that f on X is
conjugate to the fixed map 1X × h on the product X × Ξ. So the set of such f
in Hµ, if nonempty, consists of a single conjugacy class. If this class contains H∗

µ,
then it equals H∗

µ because this set is conjugacy invariant by Lemma 4.16.
It remains to show that for a given f ∈ H∗

µ there exists q satifying (4.55) and
(4.56).

The partitions which are fixed by f are directed by refinement. Define XF to
be the inverse limit space. So for each fixed partition A there is a projection map
πA

F : XF → A. For each x ∈ X the carriers πA(x) defined by (2.30) define a point
πF (x) ∈ XF . So we obtain πF : X → XF such that

(4.57) πA
F ◦ πF = πA : X → A.

Since f induces the identity on each fixed partition it is clear that πF maps f
to 1XF .

Define µF on XF by

(4.58) µF =def (πF )∗µ.

If z ∈ XF , then

(4.59) (πF )−1(z) =
⋂

{πA
F (z) : A fixed}.

By compactness this set is not empty and so πF is surjective and µF is full.
If V is a clopen subset of XF , then there exists a fixed partition A = {A1, ..., An}

numbered so that for some p ∈ [n]

(4.60) V =
p⋃

i=1

(πA
F )−1(Ai),

and so

(4.61) (πF )−1(V ) =
p⋃

i=1

Ai and µF (V ) =
p∑

i=1

µ(Ai).
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Now suppose that γ ∈ S(µ) \ {0} and γ < µF (V ). Let q be the element of [p] so
that

(4.62)
q−1∑

i=1

µ(Ai) < γ ≤
q∑

i=1

µ(Ai)

and let

(4.63) αq =def (γ −
q−1∑

i=1

µ(Ai))/µ(Aq).

If αq = 1, i.e. equality holds on the right in (4.62), then U =
⋃q

i=1(π
A
F )−1(Ai)

is a clopen subset of V with µF measure γ.
Now assume that αq < 1 so that αq ∈ S(µAq) \ {0, 1}. Because f ∈ H∗

µ it is in
G(A, α, 1, 1) with α any map satisfying (4.49) but with αq given by (4.63). Let W

be a partition which satisfies (i)-(iv) of Definition 4.14 and let

A−
q =def

⋃
{Wq1sr : s ∈ [M ] and r ∈ [k]},

A+
q =def

⋃
{Wq1sr : s ∈ [M ] and r ∈ [k]} = Aq \ A−

q .
(4.64)

By condition (iv), Ã = {A1, ..., Aq−1, A
−
q , A+

q , Aq+1, ..., An} is a fixed partition re-
fining A and by (iii)

(4.65) µ(A−
q ) = αqµ(Aq) = γ −

q−1∑

i=1

µ(Ai).

It follows that U = (
⋃q−1

i=1 (πÃ
F )−1(Ai)) ∪ (πÃ

F )−1(A−
q ) is a clopen subset of V with

µF measure γ.
First, this shows that XF has no isolated points and so, as the countable inverse

limit of finite sets, it is a Cantor space. Next, since γ can be chosen from elements
of a dense subset of (0, µF (V )) it follows that the measure µF is nonatomic. Thus,
µF ∈ MXF . Then by applying the argument to V = XF we see that S(µ) ⊂ S(µF ).
The reverse inclusion follows from Proposition 1.5 and so

(4.66) S(µF ) = S(µ).

Finally, the argument for general clopen V is a direct verification of the Subset
Condition and so µF is a good measure on XF .

For the adding machine factor an inductive construction with repeated choices
is required because the cyclic partitions are not directed by refinement.

On the finite pointed cyclic group (Zk, 1) of integers mod k, let µk be the Haar
measure, i.e. the uniform distribution, and let hk be the 1 translation map.

If A is an invariant partition for f , then a Zk label for A is a map uk : A → Zk

such that

(4.67) uk ◦ fA = hk ◦ uk.

That is, uk maps fA to hk. Since µk is the only hk invariant measure, (4.27) and
(4.67) imply

(4.68) uk∗µA = µk;
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see Proposition 4.4(d). With [A] the fixed partition associated with A obtained by
concatenating the elements of each cycle of fA we have

[uk] =def π
[A]
A × uk : A → [A] × Zk,

[uk] ◦ fA = 1[A] × hk ◦ [uk],

[uk]∗µA = µ[A] × µk

(4.69)

because the only 1[A] × hk invariant measure which projects to µ[A] is the product
measure.

Of course, an invariant partition A admits a Zk label iff every cycle in the
permutation fA has length divisible by k. Given the label, [uk] is surjective and it
is bijective iff every fA cycle has length exactly k.

Recall that f ∈ H∗
µ. Hence, for every positive rational ε and positive integer N

there exists a positive integer k and an invariant partition W(ε, kN) whose mesh
is less than ε and such that every fW cycle has length kN . Hence, there is a ZkN

label ukN on W such that [ukN ] is a bijection from W to [W] × ZkN . In fact, with
the indexing given by (i)-(iv) of Definition 4.14 the r index provides the map ukN

and ijs indexes the elements of [W].
We will need one other construction.
Suppose that k1|k2. The natural projection πk1

k2
: (Zk2 , 1) → (Zk1 , 1) maps hk2

to hk1 . On the product group Zk1 × Zk2 the product map hk1 × hk2 is translation
by the element (1, 1) and every orbit is periodic with period k2.

These groups are in fact rings and πk1
k2

is a ring homomorphism. So we can regard
the product Zk1 × Zk2 as a module over Zk2 and so can multiply by elements of
Zk2 .

An element (i, j) ∈ Zk1 × Zk2 can be written uniquely as

(4.70) (i, j) = (k, 0) + j(1, 1) with k = i − πk1
k2

(j).

Now choose a set map ṽ : Zk1 → Zk2 which is a right inverse for the surjection
πk1

k2
. That is, πk1

k2
◦ ṽ is the identity on Zk1 . Now extend ṽ to map Zk1 × Zk2 onto

Zk1 so that

(4.71) (i, j) = (k, 0) + j(1, 1) =⇒ v(i, j) = ṽ(k) + j.

That is, from (4.70)

(4.72) v(i, j) = ṽ(i − πk1
k2

(j)) + j.

Since πk1
k2

is a homomorphism, it follows that

(4.73) πk1
k2

◦ v(i, j) = i.

Furthermore,

v((i, j) + j1(1, 1)) = v(i + πk1
k2

(j1), j + j1)

= ṽ(i + πk1
k2

(j1) − πk1
k2

(j + j1)) + j + j1

= ṽ(i − πk1
k2

(j)) + j + j1 = v(i, j) + j1.

(4.74)

That is, v maps hk1 × hk2 to hk2 .
For our inductive construction, let {εn} be a sequence of positive rationals tend-

ing to 0 with ε0 > d(X). Define A0 = {X}, k0 = 1, u1 : A0 → Z1 mapping X to
1.
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Inductively, suppose that An is an invariant partition with mesh less than εn

and for some positive integer kn with n|kn there is a Zkn label ukn on An such that
[ukn ] is a bijection from An to [Z1] × Zkn , i.e. every fAn cycle has length kn.

Because f ∈ H∗
µ there exists a positive integer kn+1 such that

(4.75) (n + 1)kn|kn+1

and an invariant partition W(εn+1, kn+1) such that every fW cycle has length kn+1.
Choose ũ : W → Zkn+1 a Zkn+1 label.

Define An+1 = W∧An. So An+1 refines An and since kn|kn+1 every fAn+1 cycle
has length kn+1. We obtain a Zkn+1 label, ukn+1 : An+1 → Zkn+1 by composing the
maps

(ukn ◦ πAn

An+1
) × (ũ ◦ πW

An+1
) : An+1 → Zkn × Zkn+1

and v : Zkn × Zkn+1 → Zkn+1 .
(4.76)

Thus, we have constructed An+1 → An of mesh less than εn+1 with a Zkn+1 label
ukn+1 such that n + 1|kn+1 and kn|kn+1 and with [ukn+1] a bijection. In addition,
(4.73) implies that the following diagram commutes:

An+1

[ukn+1 ]−−−−−→ [An+1] × Zkn+1

πAn
An+1

�
�π

[An]
[An+1]×πkn

kn+1

An −−−−→
[ukn ]

[An] × Zkn

Now we identify the inverse limit spaces of these three sequences, together with
their maps and measures. Since each open set in the inverse limit is a pullback of
an open set from some factor, it follows that the measure on the inverse limit is
uniquely determined by the projections to the factors.

For every positive integer m we have m|kn if n > m. Hence, the adding machine
group which is the inverse limit of the pointed cyclic groups {(Zkn , 1)} is the uni-
versal adding machine (Ξ, g) and the inverse limit of the translation maps hkn is
the g translation map h. The Haar measure µΞ is the measure which projects to
the uniform measures on the factors.

The map which associates to x ∈ X the sequence of carriers πAn(x) is a surjection
by compactness and it is injective because the sequence of meshes {mesh(An)}
tends to zero. So we obtain a homeomorphism which identifies X with the inverse
limit of the sequence {An}. The map f on X projects to fAn and so f is identified
with the inverse limit of these maps. The measure µ is the unique measure on X
which projects to each µAn .

If A is any partition on X , then it has a positive Lebesgue number l(A). When
n is large enough that mesh(An) < l(A), then An refines A. If A is fixed, then
it follows that [An] refines A. Thus, the sequence {[An]} is cofinal in the directed
system of fixed partitions. Hence, the inverse limit of the sequence {[An]} is XF

and the measure µF is the one with the correct projections.
From the above commutative diagram we see that on the inverse limits the

sequence of bijections {[ukn ]} induces a homeomorphism [u] : X → XF × Ξ. By
(4.69) it maps f on X to the identity on XF and the translation map h on Ξ and
the measure µ on X to µF on XF and µΞ on Ξ.
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Finally, µF is a good measure on the Cantor space XF and so (4.66) and Theorem
2.9 imply that there is a homeomorphism q̃ : XF → X which maps µF to µ. The
required map q = (q̃ × 1Ξ) ◦ [u] : X → X × Ξ. �
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